hal-00000996, version 1 - 5 Jan 2004

ccsd-00000996 (version 1) : 5 Jan 2004

Author manuscript, published in "Mathematische Annalen 335 (2006) 221-247"
DOI : 10.1007/s00208-006-0749-4

ANALYTIC TORSION OF HIRZEBRUCH SURFACES

CHRISTOPHE MOUROUGANE

Abstract.  Using different forms of the arithmetic Riemann-Roch theorem and the
computations of Bott-Chern secondary classes, we compute the analytic torsion and the
height of Hirzebruch surfaces. *

1. INTRODUCTION

In [R-S-73], Ray and Singer defined the analytic torsion femhitian complex mani-
folds, which can be seen as a regularized determinant ofdipéatian for thed operator
acting on the spaces of forms. They computed it for curvesiastibns on the moduli
spaces and related it with modular forms. Yoshikawa geizeicdthis relation for Theta
divisors on Abelian varieties [Y-99]. Another kind of resid about Hermitian symmetric
manifolds, where the spectrum of the Laplacian (and heneaitalytic torsion) can be
explicitly derived from the spectrum of the Casimir operdkc-95].

We compute the analytic torsiar(S,,) = —log Ty(Sy, 1) of (the trivial flat Hermitian
line bundle on) the Hirzebruch surfacgs the only ruled surfaces ové&', endowed with
some canonically defined hermitian metric. We prove

Main theorem

7(54) ~ log Vol(s,,) = "0 L) 2 +2r(P).

For the analytic structure ¢f,, varies withn, results on adiabatic limits (as in [B-B-94]
for example) do not apply at once. There is neverthelesskdngfresemblance with the
asymptotic of the analytic torsion associated with the tpasline bundleOp: (n) — P*
computed in [B-V-89] Theorem 8.

Our method consists in applying different forms of the am#tic Riemann-Roch theo-
rem, reducing the computation of the analytic torsion toatv@putations of distinguished
Bott-Chern classes. For we have a description of the ariilcr@&ow group of the natural
Z-models,, of the Hirzebruch surfacg,,, we can also compute its height.

I would like to thank Ken-Ichi Yoshikawa for suggesting méstproblem, Daniel Huy-
brechts, Xiaonan Ma and Vincent Maillot for useful discossi.

2. PRELIMINARIES

2.1. With the relative Euler sequence.We will recall some facts about the arithmetic
Chow ring of the projective lin@}, and of the Hirzebruch surface,. We refer to the
book [S-92] for basics about the arithmetic constructions.

Let V be a freeZ-module of rank2 andP}, = P(V) — Spec Z the projective space
of rank one quotients of. The choice of a Hermitian scalar product Bn:= V @z C
determines canonically a Hermitian methion the tautological line bundip: (1), as the
quotient metric througl! x V' — Op1(1). Its curvature form gives a Kahler form @
and will be denoted by = wg:. The arithmetic first Chern class (g (1), h) will be

denoted byz. Considering the exact sequergavith natural metrics

0— Op(-1) —>W—>Op;‘(1) -0

IKey words : Analytic torsion, Bott-Chern secondary clasgeithmetic Riemann-Roch theorems
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we derive the relatiofil —7)(1+7) —1 = a(c(S)) thatis, using [G-S-90] proposition 5.3,
2?2 = —a(c2(8S)) = a(z).
Consider the ample vector bundlg := Op: (1) © Op: (n + 1) on PL. Then,

S, =P(&,) S PL ER Spec Z

is a Z-model of the Hirzebruch surfacg,. The tautological ample line bundle @,
will be denoted byO¢, (1). From the metric:, we construct an orthogonal sum Hermitian
metrich,, onE,, := &,(C). The arithmetic Chern class 6f, is hence(€,,) = (1+7)(1+
(n+1)Z). We also get a Hermitian metric (still denoted/by) of positive curvaturey,, :=
O(0g, (1), hy) onOg, (1) := O¢, (1)(C) as quotient metric through*E,, — Op, (1).
The arithmetic first Chern class 6%, (1) will be denoted byx,,. Considering the relative

Euler sequencE(1) metrized with induced and quotient metric from the melrjoon E,,

0 — Op(gn) — W*S_,:;I@ Ogn(l) i) Tp(gn)/P%/‘ — 0
we derive the relations

0 = &@E 0, ) +a(@GEA)))

(2.1.1) = an’ — (n+42)7Fay, + (n+ D722 + a(é(X(1))).
(2.1.2) &(Ts, p1,wq) = (7 E; © Og, (1)) + a(éi(2(1))) = 26, — (n + 2)7* 2.
Recall from our computations [M-03], that
(B(E7, h)a*,a*)n

(a*, a*)p,
where() denotes the relative Fubini-Study form. We have provedahiefing arithmetic
analogs of relations in Chow groups.

&ED) =aE) = -2=—a, -

Lemma 1. In the arithmetic Chow ring of P%, we have

72 = a(x).

In the arithmetic Chow ring of S,,, we have

@2(n+2)/f&;a<an(n+l)z+ <®(E 7h)a ,a >h) )

(a*,a*)p
This exact sequence also enables to compute the height ébirch surfaces with

respect to the polarizatiof, (1). The arithmetic height of an arithmetic variety 2,
Spec Z of relative dimensiom with respect to a polarizatiod — X is defined to

be hiz(X) = deg ps (G(L)") wheredeg : CH (Z) — R sends(Y npP,)) to
> nplogP + A/2. The arithmetic height af,, is hence given by

o @y (Sn) = deg fi7 (OéAnB) = deg f.}(E)
Wheres/;\n (En) =T (&;”m) is them-th geometric Segre class 8f in the arithmetic

Chow groupCH' (PP}) of PL. Define the secondary form

—_—~

Smt1(En, hn) = me(c2(X(1))ay’) € A™m(P1).

From the degree two relation (2.1.1) on arithmetic Cherasela, taking product with,,”
(m = 0; 1) pushing-forward through, and applying usual rules of calculus on arithmetic
Chow groups we are led to relationsatf (PL)

$1(E0) — (n+2)F + a(S1(Ensha)) = 0

$5(En) — (n +2)28,(E) + (n+ )% + a(S2(En, hn)) = 0
2
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and then to
sh(8a) = (n? + 30+ 3)7 — (n + 2)a(@S1(En, hn)) — a(S2(En, hn)).

T idz N\ dz 1.
Using,c2(X(1)) = —Q and/(C m = we infer,
S1(En,hn) = m(@(3(1))) = -7 (Q) = 1
(O(£7, h)a*,a*)p, 1
E = 1. (Qay) = T (Q n = —c1(E", hy).
S2(En, hy) e (Qavy) = i ( (a0 ) 201( e hn)
Hence,
~ 2 2n? 12
h(Ea) = (n® + 30+ 3)3% + %a(x) - %a(x).

Finally, computing the arithmetic degree we get

Theorem 1. The arithmetic height of the Hirzebruch surface S,, is

s,) = 2n% + 9n + 12
4

2.2. With the sequence associated to the fibrationTo complete the picture of the arith-

metic datas of the Hirzebruch surfaces, we need to compet8dtitt-Chern secondary

classes of the short exact sequence

hosn (1)(

0 — (T, /p1, tn) 5 (TS, o) ar (7*TP!, o) — 0
of hermitian vector bundles aof,.

We need to make explicit the metiig, = ©(Og, (1), h,,). We choose a local holomor-
phic framee for O, (1). This provides a framg:*, e*"*!) for E. We denote bya,, a)
the corresponding coordinates 81 and byz the holomorphic coordinate:= a1 /as on
an appropriate open set B{E,,). Then,«,, is computed byld® log(|e* + ze*"“||,2ln).
We find
1+ (n+1)[zfe*

L+ [z2]ex]?

*||2n

dd‘log |e* ||2

le 1
(L+ [zPlerP)? 27
The choice of the frame naturally induces a choice for a local holomorphic splgtin
TS, ~ m*TP' & T, p: so that for a vectoX in TP!, dr(X,0) = X andi (£) =
(0, &). We find

2
(2.2.1) + dz + nzd log IIe*IIQ\ :

1+ (n+ D]z 1 e

X,0)|? X2 4+ ——" 1 _inzd log|e*|?|?
”( )”an 1+|Z|2”€*"2n ” ”IP’ It (1+|Z|2”6*"2n)2| X g” " |
9 1 ex ]
X,0),(0, =)0, = —————nzdyl *|?
<( ’ )a( 7az)> n 17 (1+|Z|2"€*”2")2nz X Og”e "
"(0 a )"2 _ 1 "e*"2n _ 1 "e*”2(n+2)
P0z7 2 (14 |2)2eX2)?2 27 e + zern 4T

Let X be a vector ifl'P!. Its image(dr)*7*(X) can be written agdr)*7* (X)
(X,0) + Vx (0, £) subject to the conditionX + Vx 2, Z),, = 0. This leads td’x =
—nzd'y log |e*|?. We can then derive the expression for the quotient metric*ariP!

njeerpr |(dr)* X5, 14+ (n+1D)|z)2|e* | (7*O(E%, hy)a*, a*)

T wp | X3 Lt [z ex | mrwp(a*,a*)

We can now compute the Bott-Chern class for the short exagtesee constructed
fromdm.
3
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Lemma 2. The Bott-Chern class for Chern classes in the short exact sequence

0 — (T, /p1,tn) 5 (TS, o) ar (m*TP!, o) — 0

n n
NTSmT]P)lv ns Q&n) = — *r.
A tn; ) <1+<n+1>|z|2||e*n2" 1+|z|2||e*||2n)”

Proof. As a consequence of [G-S-90] prop 1.2.5, we detiM@’S,,, TP, ay, o) = 0.
Using the original computations of Bott and Chern,

P o(u) — (0)

EQ(TSH7TP1,QH7O[n) = / du
0

O(u) = Trace ((1 —u) O(m* TP, av,) + u(dm)O(T Sy, an)(dﬂ)*)
(dﬂ')@(TSn., ay)(dm)*

¢ * *
- (1 - U) %(dﬂ-)( /Plom(TSn TSn)L) At %{om(ﬂ*T?l,TSn)(dﬂ-) s

/pLs

follows

~ 1
C2 (TSna T]P)lv Qn,s Oén) = %dﬁ( }{om(TSn/rﬂ ,TSn)L) A /I{Iom(ﬂ'*TIP’l,TSn) (dTr)*'

Now, remark that

0
SV'(dmNX = oV ((dr)*X) = d"Vx (0, &) = d”VX%.
Also,

B o (V2. X+Vxll, B
d ! e e d I— = 8Z7 az nd X 0 V 0 ~
(VoG ™ 5 IX + Ve 2|2 7T(( 0) + Vil ’82))
1212,

dl(%aX + VX%)an - {%;d//VX%}anX d/v—
= = - X
|X +Vx Z12,

1 Jex |2 t2) o—
= 5 2o [2n s 4 VX
21 (1 + |z2[e*]|**) (1 + (n + 1) |z[*[e*|*™)

Summing up

i le |2 d'Vx Nd"Vx
CaAm (L4 Pl PO+ (n+ DzPler ) IXTR
i n?|z[?Jer ] d'd’ log|e*|* A d"dly log e

Ar? (14 [z ]ex[*") (1 + (n + D[22 ex]*) | X

(TS, TP vy, vy,) =

_ w2zl .
(T + IR (1 + (o DIPle )

The last equality is derived from the fact that th@s$el)-forms take the same values on

7* X which generates*TP*. O

2.3. Some characteristic classesln the previous two exact sequences the buf@le :
appeared equipped with two different metrics, the egegotten by quotient of that on

[X +Vx g2,

X

7 EX @ Og, (1) and the one induced hy,,. We will compare those metrics and derive

expressions for some characteristic classes.
Choose a point, in P! and a normal framefor Op1 (1) atzo. Then, on the fiber af

_ . N entlg2y . oy & dzAdz
e, = dedSlog(le” + e 2) = dudflog(1 4 o) = 5o
4
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On the other end, the mapis built from the differential of the quotient malg; — P! x

[0} = B(E,), (z.a1€" +aze™ ) (2, [as : ao]) = (a7 == 22)

q: E} © Og, (1) = Tpm,)m
(ble* + b2e*n+1) ® (ale* + a2€*n+1)* — a1b2a—2a2b1 %
1

Follows the expression for its adjoint map

1 0 41 <€*n+1,a16* + a2e*n+1> 41 41
¢ <G_1 a) N <€*n - laie* + azer™+1|2 (are” +aze™ ™) ) @ (a1€* + age™ ")
0 —Ze* + e*n Tt
L e *n+1\%
¢ (52) 14 |z)? (e7 + ze )

derive that th . L . dzNdz h
We derive that the quotient metric is given by = Zm = 27y, ., Onthe
fiber of zo. This enables to express the arithmetic first Chern clastsofp: with the
metric a7 -

a(Ts,pi,om) = (s, p1,wq) + a(log2m)

= 2a, — (n+2)7 + a(log 2m)

where we have used the relation (2.1.2). Similarly, the %P, 2rwp1 ) — (Op1(2), h)
is an isometry. Just recall

c(I'Sn,an) =T, /1 an)E(Tp%, an) — a(A(TS,, TP o, )

to end the proof of

Lemma 3.
G (Ts, onan) = 2 — (n+2)2 + a(log 2r)
P — ~ O | e+ TP
C1 (T]P)%, O[n) = 2r—a (10g m)
G(TSn,an) = 20 —nf —a (log mlm TP
e em " & Am2mFwps
&(TSn, an) = Aani—2(n+2)72 + a(2 log 2
O |+ TP ~
— log ﬁ61 (Tsn/pl) — CQ(TSH, TPl, Qp, an)) .

3. USING THE ARITHMETIC RIEMANN-ROCH THEOREM

We will apply the degree one arithmetic Riemann-Roch thedi®-S-92] for the map
F : S, — SpecZ to compute the analytic torsion of the bundles of holomarplifferen-
tial formngn ons,.

3.1. On the analytic torsion. We recall the definition of the analytic torsion of a Hermit-
ian vector bundl€ E, h) on a compact Kahler manifoldX, w). We endow the space of
differential forms with values it with its L2 metric (constructed witty andh) in order

to construct the adjoir,” of the Dolbeault operatal, : A%4(X, E) — A%t (X, E).
The associated Laplace operatyf has a discrete spectrum

0=0=-=0< XA < X< - <Ay < ---.
—+oo
Its spectral functiorg, (s) := Z Ay’ extends to a meromorphic function @ holomor-

1
phic at0. We define the regularized determinant of the restricticheiaplace operator to
5
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. d .
the orthogonal complement of its kernel todig’ A := exp (—d—gq(o)). The analytic
S

torsion of(X,w, E, h) is then given by

To(X,w, B, h) := exp(=7((X,w, B, h)) := [ [ (det’Al)=D".
q>0

3.2. On arithmetic first Chern class of determinant bundles. On one hand, from the
very definition of the arithmetic first Chern class of a Heramtline bundle and from
the definition of the Quillen metric on the determinant of theect image of Eﬂermit-
ian vector bundle, identifying” H' (Spec Z) with R through the degree majeg , we
get (see [G-S-92] 4.1.5)

deg & (Ar(QF ), Quillen)

1
+ =7(Sh, an).

H(S,, Q) >
2

2
_ _1\¢ q P . _ - 0 ©On’
= Z( 1) (10g ﬁH (Sn7 an )torswn 1Og VOlL2 Ha (Sn; an )Z

q=0
From Leray-Hirsch theorem, the cohomology rifg(S,,, Z) of S,, = P(E,,) is

H* (P!, Z)[{an}] _ Z[{m*wp1 }, {on}]
{an}2 = (n+2){m*wp } U{an} {m*wp}2, {an}? — (n+ 2){m*wp } U{a,}

We hence get, applying Hodge decomposition to the De Rhamnsology,

forp =0, H*(S,,0s, )z = HY(S,, 05, )z = 71
fOfp =1, H.(SR,Q}S'”)Z = Hl(Sn,Q};n)Z = Z{ﬂ‘*wpl} + Z{Oén}

2
for p =2, H*(Sp, 03, )z = H*(Sn, 02 )z = Z{m*wp: } U{an} = 24221

We now intend to find the harmonic representatives of thosemggors, with respect to

2
Ap

the metrica,,. The formsl, «,, and o1 are easily seen to be harmonic of nov@,

Vvn+2and, /n%z respectively. Computation of the harmonic representativier*wp: }

is quite involved and will not actually be used. Details Wik given in the appendix.
The formwy = 1 wpr — #Qddc 1Og% is harmonic. To compute it&2-
norm, we need to introduce the Hodgeperator. It is defined in order to fulfill the relation
uAxv = (u,0)q, dVa, . RecallthatlV,,, = o7 /2andthafa,|? = 2. Local computation
of the Hodgex-operator leads tea,, = a,,. Forxwy is also harmonic, it can be written
asaa, + bwy. Writing the relationx x wy = wpy leads to eithekb = 1;a = 0) or

b = —1. Noting thatb = 1 would lead to|wy|* = [wy A *wg = [wg Awg =
fﬂ'*WIpl A wpr = 0, we deriveb = —1. Equatingwy A *a,, andxwgy A o, we get
ac;, = 2ay, A wy. Integrating, we find: = 2. We can now conclude
2 2
2
= AN ——ay, — = )
e | /5an (n-l-QQn wi) n—+2

We hence find an orthonormal basisif (S,,, 2§ ) = C{a,} © Hy

7'im(

Sny Q25 )

j% ; Vn+2 <{7T*WIP’1} - T{La—_:é)

6
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HY(S,,Q%L ) . . *
ngﬁ which is the norm of the generatér*wp: } A {a,} of

A’H'(S,,Q% )z is 1. Concluding this first step, we get

— 2 1
A(Ar(Q% ), Quillen) = —1og\/n—2i_ +§T(Sn)

—_— 1
cAl(AF(Q}gn), Quillen) —57(5’”, len)

The L2-volume of

n+2
2

— 1
a(Ar(Q%,), Quillen) = log +§T(Sn79%n)

3.3. The arithmetic Riemann-Roch theorem. On the other hand, the arithmetic Riemann-
Roch theorem reads

__ ~ R -
GO (G, Quillen)) = F, (Td (TS, an)ch(%F,an))

- F (@(T—sn, n)eh(9 an)) — a(F, (Td(TS,)R(TSn)ch(Q5 )

A(TS,) , 4TS, +&(TS,) | a(TS,)a(TS,)

2 12 Y

and
ch(QL C1 2 _95(TS)  E(TS.)? — 36 (TS )G
h(Q5 . an) = 2@ (T8, + 2 (TSn) - 26(TSn) & (TSn) 3Cg(TSn)02(TSn)
P ~ L2 )
O, 00 = 1-G(T8,)+ AT Al
so that

TATSeh(@Om. )| = — [TaTsyen oz  A(TS)&(TS,)

Ta(TS)ch(@z, 1)) = — [FATS)ROF an)] = )¢

[FaTs) RO 0n)] = 0.

From formulas for the arithmetic Chern classe$®B6,,, a,) in lemma 3 we get

O | TP1

anx + 2log2nxe; (T'Sy,)
42 m* wpt

A(TSn, an)ea(TSp, ) = 8’7 — 8(n + 1)anz® 4+ a (—410g

Qp | rx TP

—1
& 2T Wwp1

C1 (TSn, an)cl (TSn/Pl) — C1 (TSn, Oén)gg (TSn, T]Pl, Ay, an) .

To compute the integral, recall from lemma 1 that

@) = alFu(an) = a(l)
@2F) = (m+2F(@38) +a(F () = a(n +3)

DD

Applying the morphisnw in lemma 3, we can compute the curvature fornB5,,, o).

Q| TP1

a(TSn,an) = 20, —nx —dd®log p——

( i 3n n n > N
= n — m™ X
L [zPe > 1+ (n+ 1)z ex]>

n < eI (n+ e > K2
(L4 [zPlexP)? - (L+ (n+ DzPlex|*r)? ) 27
7

2
dz + nzd log |e*|?
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& mr TRl

where we used the expression (2.2.1)dgrand the expression in the appendixddf log
Then note that from lemma 3 we find

7r*wp1

ci(Ts, pr,am) = 20, — (n+2)7%2
2n 2] | / 2|2
= n—-—————)m'v+ ——————I|dz+ nzd'log|e*|*]| .
L [z[2[ex]>" (14 [=z[2ex]*")?
so that
a(TSmanerToymian)  Gna2let P (DLt 12l

™A ‘2 APl A+ (e DlaPler ) 1+ [z PlerPr)?

dz + nzd' log |e*||?

Integration leads to

Qi | Tp1
F* C1 (TSn, Oén)Cl (Tsn/[pl y Oén) IOg 7*
T Wpt

— (5n+2) [nJrllog(nJrl)l} 4 (n+2) {1%10g(n+1)]
“6(n+1) [":Hog(nﬂ)—q +3n=5n+6— [n+6+%] log(n + 1)

Thanks to lemma 2 we get
F* (Cl (TS’H,) an)CE(TS’rH TPl) an7 an))

-/ <<1 o <:Ill>|z|2>2> <1 TR DRE 1+n|z|2> dendz

_ /_ 3n . n+1 Fn+1) n+1
B S DR (R R ERE 1+ (n+1)2P)?
3 n+1 n-+1 1
— 2 - dz Ndz
A+ <1+<n+1>|z|2 1+|z|2) she

n

—4 1 2
= Tn+(n+1)—3+2 ;r 10g(n+1):—n—2+{2+E}log(n+1).

We are now able to compute

~ _ N 1
F (a(TSn, an)e (TS, 00)) = a <16 + 8log2m —4 (1 + [1 + —} log(n + 1)) +4log2nw
n

4
+4log2m — <4n +4 - [n +4+ —] log(n + 1)>)
n
= a(nlog(n+1)—4n+ 16+ 16log2m) .
For analytic terms,

2¢(=1) +¢(=1)

F, [Td(TS,)R(TS,)ch(0)] = =——F———F.e(T5,)*
= 8¢'(—1) +4¢(-1))
F, [Td(TS,)R(TSy)ch(Q5 )] = 0
F, [Td(TS,)R(TS,)ch(Q% )] = =8¢ (1) —4¢(-1)).

3.4. Conclusion. We are now about to end our computations. We just have togfstben
application of the arithmetic Riemann-Roch theorem to tla@ ifi: PL — Spec Z using
é1(TPL, wp1) = 27 + a(log 27) that the analytic torsion df! is
1+ log2
(P wm) = —2ET —4¢(—1) — 2¢(-1).
We find
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Theorem 2.

~ nlog(n+1) n n+2 1
T(Sn) = o1 6+log 5 +27(P", wpr).
7(Sn,Q5,) = 0
(80, Q%) = —7(Sn).

Theses results are compatible with theorem 3.1 in [R-S-73].

4. USING BERTHOMIEU-BISMUT FORMULA

The second idea for the computation of the analytic torsidh, ) is to apply Berthomieu-
Bismut formula [B-B-94] for the composition of submersians

S, =P(E&,) 5P, 4, Spec Z.
We follow their construction in our particular setting.

4.1. On Leray spectral sequence.Leray spectral sequence afgives a canonical iso-
morphismo between the determinant line bundles.

Af(RmOs,) — Ar(Os,)

where we have sef’ := f o w. Note that we do not consider their dual as in [B-B-94].
Here, form is a locally trivial family of projective linesRm,Os, = m.Og, = Op:. The
spectral sequence hence degeneratés iand the isomorphism is

detH°(P', Op1) —  detH’(S,,Os,)

1 — 1"=x*1

4.2. On Quillen metrics. We now describe the Quillen metrics on determinant line bun-
dles. We choose the trivial metric @s,,. The fibers ofr are endowed with the metric
induced bya,, := ©(Og, (1), h,). The bundleRm,0s, = Op: is endowed with its
L? metric which is the trivial one fory, is of volume1l on every fiber ofr. Choose
wpr = x = O(Op1(1), h) the Fubini-Study metric of volumeas metric orP*.

Hence forl’ € Rf,(RmOg,) = H°(P!, Op1)

W= [ dwm =1 5 =T,
For1” € RF,Og, = H°(S,,0s,)
ap  n+2 n+e
"1’/“%2 :/ 17 = 5 : ”1//"2Q _ Te (Su)
We can compute the Quillen norm of the isomorphism
"11/"22 = n+2

=7(P') — 7(S,) + log

2 _
0g |01 1 (i, 05, )00 (05,) = 18 I 2

4.3. Berthomieu-Bismut formula. On the other hand this normis computed by the Berthomieu-
Bismut formula

1og||a||§;1(Rmosnmﬂow = —/IPle(TIP’l,wW)Tors(an,l)

+/ Td(TS,,, TP, vy, wpr )ch(Os, , 1).
S.

n

Two kinds of secondary objects are used in this result. Orhane, the forn¥ ors(a,, 1)
is the analytic torsion form of Bismut-Kodhler [B-K-92] wtth fulfills the relation

(4.3.1)  ddTors(oan,1) = m (Td(Ts, jp1, 0n)ch(Os,, 1)) — ch(Rm.Og,,, 1).
9
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On the other hand, the cla@l(TSn, TP, o, wpr) is the Bott-Chern class for the Todd
characteristic form [G-S-90] of the following metrized ekaequence

0 — (Ts, /p1,an) — (TSp, an) & (¥ TP, 7*wp1) — 0
which fulfills the relation
dd°Td(T Sy, TP, oy, wpr ) = Td(Ts, s, ) Td(m* TP mwpr) — Td(T'Sp, o).
Note that our sign conventions differ from the ones in [B-H-Both in the definition ofr

and of the secondary objects.

4.4, On the analytic torsion term. The tool for the computation of the torsion form
Tors(an, 1) is the arithmetic Riemann-Roch theorem gotten from eqo#ta.1) by dou-
ble transgression (see for example [B-98] Theorem 4.4)

o(Tors(am,1)) = 7, (@R(—Tsn/%ﬁ(o—&l,m)fa(im*osn)
(4.4.1) = 7 (Td(Ts,e1)) = 7o (Td(Ts, jep)a(R(Ts, ) ) = 1.

We compute the arithmetic Todd classﬁjn/% usingf?l =1+ g—l + % for a line
bundle on an arithmetic surface. From lemma 3, we get

n+2__ log 2w

Td(Ts, py 0n) = 1+ — —5—2+a(=5—)
1_ 2___ 2)?_,  log2
+§an2 - n;— an® + (n —1’—2 ) 2+ 0g6 Wa(Qan —(n+2)x)
—~ 2__ log 2
= 1+an—n—2’— x—l—a(OgQﬂ-)

1+ log?2 22 2) log 2 1 (B(E*, h)a*,a*
ta + log ﬂ-an—i—n (n+2)log . 1(O(E*, h)a*,a*)n .
3 12 3 (a*,a*)n

We compute the direct image,
1+ log 27r)
—3 )
The contribution of theR class is purely analytic. First recall thai(Tsn/%,an)
20, — (n+2)m*x and thatr,a? = ¢1 (B, hy) = (n+2)z so thatr,c; (Ts, /p1» oan)? =
We find

#(Td(Ts, /p)) = 1+ af
0.

T (Td(Ts, /p1)a(R(Ts, /p1)))
= a (ﬂ'* (Td(TSn/IP’l s an)R(TSn/IP’l s Oén)))
1

= a(m (04 g T e CD + DT, m) )

= a(4C(~1) +2¢(-1)).
Back to formula (4.4.1), we find
Tors(an, 1) = 1“%2” — 4 (1) = 20 (1) = (P, wpr).
We remark that the degree two part of the torsion vanishescditelude this step

/ Td(TP!, wp1)Tors(an,1) = Tors(ay,1) / Td(TP")

Pt Pt
= Tors(an,1) = 7(P).
10
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4.5. Onthe Bott-Chernterm. We now turn to the computation @?&(TS,L, TP, oy, wpr ).
For ch(Og, ,1) = 1, we only need to knovi'ds(T'S,,, TP, a,, wp1). For Tds =

iclcg, we derive from [G-S-90] (prop.1.3.1.2) that

24Tdy(T Sy, TP, ctnywpr) = 1 (TSp, TP, iy, wpt )ea (T, g1 ® 7 TPY)
(4.5.1) +¢1(TSn, ) (TSy, TP vy, wpr ).
The arithmetic relations between Chern classes in thevigllptwo exact sequences

0 — (Ts,pr,an) — (TSn,an) — (m*TPY o)  — 0
0 — (Ts,psan) — (TSp,an) — (@TPL,7*wp) — 0

and the relation

_ _— an T 1
a(mTPL ay,) = & (m*TPL, mwp1) — a(log %)
T Wp1
enables us to infer
sl 1 =~ 1 Qn | TP1
A(TSn, TP o, wpr) = &(TSn, TP, an,an) + (T, /b1, ) log —_—
T Wp1l

We can now evaluate the contribution of the Bott-Chern patte first term in for-
mula (4.5.1) is
& (TSn, TP, auy, wpi )2 (Ts, o1 ® 7 TPY)
= G (TSn, TP, oy, wpr )y (Ts,, /pr, an)ct (m* TP, 7*wp1)
Qp | rx TP
T Wp1

O | rxTP? (

log 20, — (n+ 2)x) 22 = 4log

T Wp1
so that

Fy (G1(TSn, TP, atn, wpr )2 (Ts,, o1 & m*TP))
L+ (n+ 1)z |er]"
= 4dm,|(lo Qy, | fewpt
(o = Juoe
1+m+1)z? i dzndz
4 [ log —
C L+]z[2 2w (1+]2]2)2

_ [4+ %] log(n + 1) — 4.

As for the second Bott-Chern class(@fS,,, TP!, a,,, wp1 )

~ 1 ~ 1 O | e+ TP
C2(T'Sy, TP, an,wpr) = (TS, TP, an, ) + e1(Ts, yp1, ) log Ep—

]P)l
This in turn cuts the computations into two pieces we alreahgputed in section 3.3. We
find

C 4
Fy (ex(TSn, 0n)e2(T 8y, TP o, wpn)) = dn+4 — [n +44 _} log(n + 1)
n
Summing up
_ : X
/ Td(TS"’ TPl) A, wIP’l)Ch(OSn, 1) = E — %
Sn 6 24

This ends the second proof of our main formula.

4.6. Remark on deformations. The only deformations of the surfadg are the surfaces

Sm wherem is of the same parity as. Hirzebruch surfaces are pairwise diffeomorphic

according to the parity of,, but the natural diffeomorphisms as described in [M-K-71]

Part I, Theorem 4.2. are not isometric for the metrics we ebkoshich are constructed
11
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algebraically. More precisely, formulas for the deforroatfamilies ofS, specializing to
Sap

t—0
SO,t SQp

So
lead, on appropriate open sets, to explicit formula for thegrim on.S, ; transfered from
the metric onSj :
2)

2)
This shows that the metric acquires singularities in theigfization : it vanishes generi-
cally on generic fibers and tends to Fubini-Study metric @nfiter over0.

Using a genuine diffeomorphism betwe8&g, and Sy, the computation of the analytic
torsion ofS,, would require the anomaly formula [B-G-S-88] Theorem 1.23.

xP 1

z

Uiy = 7 wpr + dd° log (1 +
and

UFag = 7 wpr + dd°log <1 + ’

z
taPz + 12

5. APPENDIX

We will use Hodge identity” = [iA,,, , d’] to check that the exhibited form is harmonic.
Starting from

dd® log(1 + [z[*e*|*")

= (n—%)ﬂ*wpl—i—% ’dz—l—nzd'log"e*”’
EEE R 07 2Pl 2=
and
dd€log(1 + (n + D]zl |>")
n . vl S
= (n— T wpr + dz +nzd log|e ‘
O T T DR T T T s Dl P 2 gle’l”
we derive
Qi e+ N 1 1 2 ,% 121
g T _ o L (1 DIEPI]
o EREE
n n N
= - VI
TR 11 s DEEle
(n+ 1)]er 2 "2 i L
+ — —‘dz—i—nzd log |e* }
(<1+<n+1>|z|2||e*||2n>2 0T PR ) 2= sle’l
|22 e 2 .
T Wpl
T =PIe P T (0 F DIEPe " <
nle*|2(1 — (n + D]zl ]*) ,
dz+nzd log e*]? ’
@+ 2Pl P2+ (n + DI Pler )2
Recalling,
14 (n 4+ D)2 e ,
n = W + s g 5o |42 +nzd'lo e* ‘
TRl Tt TR o gl

we are led to
1+ |z[er]*"

L+ (n+ 1)[z[? e[
12

Ao, mwpr =
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and to
1 1 2| % |21 1— 2| o |I2n
b tog L O DIERICET) 1Rl
L4 [z[2]ex | L+ (n+1)|z2|ex]>"

This enables to compute

2

2| %12
Aa,, <(n+2)w*w]pl — dae log L0 DIl ] )>

L+ [z?[ex|*™
which proves thay := m*wpr — 5 dd° 10g% is harmonic. Remark that

w?, is d-exact and non-zero hence not harmonic even if it is the proolfutwo harmonic
forms.
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