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Abstract

We encode a certain class of stochastic fragmentation processes, namely self-similar
fragmentation processes with a negative index of self-similarity, into a metric family tree
which belongs to the family of Continuum Random Trees of Aldous. When the splitting
times of the fragmentation are dense near 0, the tree can in turn be encoded into a
continuous height function, just as the Brownian Continuum Random Tree is encoded in
a normalized Brownian excursion. Under mild hypotheses, we then compute the Hausdorff
dimensions of these trees, and the maximal Holder exponents of the height functions.
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1 Introduction

Self-similar fragmentation processes describe the evolution of an object that falls apart, so
that different fragments keep on collapsing independently with a rate that depends on their
sizes to a certain power, called the index of the self-similar fragmentation. A genealogy is
naturally associated to such fragmentation processes, by saying that the common ancestor of
two fragments is the block that included these fragments for the last time, before a dislocation
had definitely separated them. With an appropriate coding of the fragments, one guesses
that there should be a natural way to define a genealogy tree, rooted at the initial fragment,
associated to any such fragmentation. It would be natural to put a metric on this tree, e.g. by
letting the distance from a fragment to the root of the tree be the time at which the fragment
disappears.

Conversely, it turns out that trees have played a key role in models involving self-similar
fragmentations, notably, Aldous and Pitman [[] have introduced a way to log the so-called
Brownian Continuum Random Tree (CRT) [P] that is related to the standard additive coales-
cent. Bertoin [[f] has shown that a fragmentation that is somehow dual to the Aldous-Pitman
fragmentation can be obtained as follows. Let 75 be the Brownian CRT, which is considered
as an “infinite tree with edge-lengths” (formal definitions are given below). Let 7.}, 772, ...
be the distinct tree components of the forest obtained by removing all the vertices of 7 that
are at distance less than ¢ from the root, and arranged by decreasing order of “size”. Then
the sequence Fp(t) of these sizes defines as t varies a self-similar fragmentation. A moment
of thought points out that the notion of genealogy defined above precisely coincides with the
tree we have fragmented in this way, since a split occurs precisely at branchpoints of the tree.
Fragmentations of CRT’s that are different from the Brownian one and that follow the same
kind of construction have been studied in [BJ].

The goal of this paper is to show that any self-similar fragmentation process with negative
index can be obtained by a similar construction as above, for a certain instance of CRT. We
are interested in negative indices, because in most interesting cases when the self-similarity
index is non-negative, all fragments have an “infinite lifetime”, meaning that the pieces of the
fragmentation remain macroscopic at all times. In this case, the family tree defined above will
be unbounded and without endpoints, hence looking completely different from the Brownian
CRT. By contrast, as soon as the self-similarity index is negative, a loss of mass occurs, that
makes the fragments disappear in finite time (see [§]). In this case, the metric family tree will
be a bounded object, and in fact, a CRT. To state our results, we first give a rigorous definition

of the involved objects. Call

S:{52(51,52,...):312522...20;Zsi§1},

i>1
and endow it with the topology of pointwise convergence.

Definition 1. A Markovian S-valued process (F(t),t > 0) starting at (1,0,...) is a ranked
self-similar fragmentation with index o € R if it s continuous in probability and satisfies the
following fragmentation property. For every t,t' > 0, given F(t) = (z1,x2,...), F(t +1t') has
the same law as the decreasing rearrangement of the sequences x1 FM (x8t)), 2o F® (25t'), . . .,
where the F® s are independent copies of F.



By a result of Bertoin [[]] and Berestycki [f], the laws of such fragmentation processes are
characterized by a 3-tuple (o, ¢, v), where « is the index, ¢ > 0 is an “erosion” constant, and v
is a o-finite measure on S that integrates s — 1 —s; such that v({(1,0,0...)}) = 0. Informally,
¢ measures the rate at which fragments melt continuously (a phenomenon we will not be much
interested in here), while v measures instantaneous breaks of fragments: a piece with size z
breaks into fragments with masses xs at rate z®v(ds). Notice that some mass can be lost within
a sudden break: this happens as soon as (), s; < 1) # 0, but we will not be interested in this
phenomenon here either. The loss of mass phenomenon stated above is completely different
from erosion or sudden loss of mass: it is due to the fact that small fragments tend to decay
faster when o < 0.

On the other hand, let us define the notion of CRT. An R-tree (with the terminology of
Dress and Terhalle [[3]; it is called continuum tree set in Aldous [P])) is a complete metric space
(T, d), whose elements are called vertices, which satisfies the following two properties:

e For v, w € T, there exists a unique geodesic [[v, w]] going from v to w, i.e. there exists a
unique isomorphism ¢, ,, : [0,d(v,w)] — T with ¢, .,(0) = v and ¢, ,(d(v,w)) = w, and
its image is called [[v, w]].

e For any v,w € T, the only non-self-intersecting path going from v to w is [[v, w]], i.e.
for any continuous injective function s +— vg from [0, 1] to 7" with vg = v and v; = w,
{US 18 € [07 1]} = [[an]]

We will furthermore consider R-trees that are rooted, that is, one vertex is distinguished
as being the root, and we call it @. A leaf is a vertex which does not belong to [[&, w[[:=
Yow([0,d(@,w))) for any vertex w. Call L(T') the set of leaves of T', and S(T') =T\ L(T) its
skeleton. An R -tree is leaf-dense if T is the closure of L(T'). We also call height of a vertex v
the quantity ht(v) = d(@,v). Last, for 7" an R-tree and a > 0, we let a ® T be the R-tree in
which all distances are multiplied by a.

Definition 2. A continuum tree is a pair (T, ) where T' is an R-tree and p is a probability
measure on T, called the mass measure, which is non-atomic and satisfies W(L(T)) = 1 and
such that for every non-leaf vertex w, p{v € T : [[@,v]] N [[@,w]] = [[@,w]]} > 0. The set
of vertices just defined is called the fringe subtree rooted at w. A CRT is a random variable
w i (T'(w), u(w)) on a probability space (2, F, P) which values are continuum trees.

Notice that the definition of a continuum tree implies that the R-tree T satisfies certain
extra properties, for example, its set of leaves must be uncountable and have no isolated point.
Also, the definition of a CRT is a little inaccurate as we did not endow the space of R-trees
with a o-field. This problem is in fact circumvented by the fact that CRTs are in fact entirely
described by the sequence of their marginals, that is, of the subtrees spanned by the root and k
leaves chosen with law p given p, and these subtrees, which are interpreted as finite trees with
edge-lengths, are random variables (see Sect. B.3). The reader should keep in mind that by the
“law” of a CRT we mean the sequence of these marginals.

For (T, ) a continuum tree, and for every ¢ > 0, let T (t), T5(t), ... be the tree components
of {v €T :ht(v) > t}, ranked by decreasing order of y-mass. A continuum random tree (7', y1)
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is said to be self-similar with index o < 0 if for every ¢ > 0, conditionally on (u(7;(t)),7 > 1),
(Ty(t),i > 0) has the same law as (u(7;(t))™® ® T® i > 1) where the T®’s are independent
copies of T.

Our first result is

Theorem 1. Let F' be a ranked self-similar fragmentation process with characteristic 3-tuple
(a,c,v), with a < 0. Suppose also that F' is not constant, that ¢ = 0 and v(>_;s; < 1) = 0.
Then there exists an a-self-similar CRT (T, up) such that, writing F'(t) for the decreasing
sequence of masses of connected components of the open set {v € Tp : ht(v) > t}, the process
(F'(t),t > 0) has the same law as F. The tree T is leaf-dense if and only if v has infinite total
mass.

The next statement is a kind of converse to this theorem.

Proposition 1. Let (7, pu) be a self-similar CRT with index o < 0. Then the process F(t) =
((u(Zi(t),i > 1),t > 0) is a ranked self-similar fragmentation with index «, it has no erosion
and its dislocation measure v satisfies v(3 . s; < 1) = 0. Moreover, Tr and T have the same
law.

These results are proved in Sect. . There probably exists some notion of continuum random
tree extending the former which would include fragmentations with erosion or with sudden loss
of mass, but such fragmentations usually are less interesting.

The next result, to be proved in Sect. [, deals with the Hausdorff dimension of the set of
leaves of the CRT 7f.

Theorem 2. Let F' be a ranked self-similar fragmentation with characteristics (a, ¢, v) satisfy-
ing the hypotheses of Theorem [[. Writing dimy, for Hausdorff dimension, one has

dimy (L(7r)) = ﬁ a.s. (1)

as soon as [ (sy' —1) v(ds) < oo

Some comments about this formula. First, notice that under the extra integrability assump-
tion on v, the dimension of the whole tree is dimy (77) = (1/]|a|) V1 because the skeleton S(7r)
has dimension 1 as a countable union of segments. The value —1 is therefore critical for «,
since the above formula shows that the dimension of 7r as to be 1 as soon as o« < —1. It was
shown in a previous work by Bertoin [§] that when a < —1, for every fixed ¢ the number of
fragments at time ¢ is a.s. finite, so that —1 is indeed the threshold under which fragments decay
extremely fast. One should then picture the CRT 7r as a “dead tree” looking like a handful of
thin sticks connected to each other, while when |a| < 1 the tree looks more like a dense “bush”.
Last, the integrability assumption in the theorem seems to be reasonably mild; its heuristic
meaning is that when a fragmentation occurs, the largest resulting fragment is not too small.
In particular, it is always satisfied in the case of fragmentations for which v(syy1 > 0) = 0,
since then s; > 1/N for v-a.e. s. Yet, we point out that when [ (s;' —1)r(ds) = oo, one
anyway obtains the following bounds for the Hausdorff dimension of £(7F):

£ < dimp (L(T7) < — as.

|| ~ laf



where

o=supqp<1: [ (577 —1)p(ds) <oop. (2)
=i |

It is worth noting that these results allow as a special case to compute the Hausdorff dimen-
sion of the so-called stable trees of Duquesne and Le Gall [[4], which were used to construct
fragmentations in the manner of Theorem [[] in R3]. The dimension of the stable tree (as well
as finer results of Hausdorff measures on more general Lévy trees) has been obtained indepen-
dently in [[J]. The stable tree is a CRT whose law depends on parameter 5 € (1,2], and it
satisfies the required self-similarity property of Proposition [ with index 1/ — 1. We check
that the associated dislocation measure satisfies the integrability condition of Theorem B in

Sect. B3, so that
Corollary 1. Fiz 3 € (1,2]. The [3-stable tree has Hausdorff dimension 3/(f — 1).

An interesting process associated to a given continuum tree (7, 1) is the so-called cumulative
height profile Wr(h) = p{v € T : ht(v) < h}, which is non-decreasing and bounded by 1 on
R, . It may happen that the Stieltjes measure dWy(h) is absolutely continuous with respect to
Lebesgue measure, in which case its density (Wr(h),h > 0) is called the height profile, or width
process of the tree. In our setting, for any fragmentation I satisfying the hypotheses of Theorem
M, the cumulative height profile has the following interpretation: one has (Wr,.(h),h > 0) has
the same law as (Mp(h),h > 0), where Mp(h) = 1 — > .o, F;(h) is the total mass lost by
the fragmentation at time h. Detailed conditions for existence (or non-existence) of the width
profile dMpg(h)/dh have been given in [[9]. It was also proved there that under some mild
assumptions dim ¢ (dMp) > 1 A A/ |a] a.s., where A is a v-dependent parameter introduced in
(I0), Section 3 below. The upper bound we obtain for dimy, (£(7F)) allows us to complete this
result:

Corollary 2. Let F' be a ranked self-similar fragmentation with same hypotheses as in Theorem
[. Then dimy (AMp) <1A1/l]al a.s.

Notice that this result re-implies the fact from [[J that the height profile does not exist as
soon as |a| > 1.

The last motivation of this paper (Sect. f) is about relations between CRTs and their so-
called encoding height processes. The fragmentation F of [[], as well as the fragmentations from
B3], were defined out of certain random functions (H,,0 < s < 1). Let us describe briefly the
construction of Fg. Let B¢ be the standard Brownian excursion with duration 1, and consider
the open set {s € [0,1] : 2B > t}. Write F(t) for the decreasing sequence of the lengths of
its interval components. Then F' has the same law as the fragmentation F; defined out of the
Brownian CRT in the same way as in Theorem [Il. This is immediate from the description of Le
Gall 23] and Aldous [f] of the Brownian tree as being encoded in the Brownian excursion. To
be concise, define a pseudo-metric on [0, 1] by letting d(s, s') = 2B +2B%° — 4inf e[ 51 B,
with the convention that [s,s'] = [¢, s] if s < s. We can define a true metric space by taking
the quotient with respect to the equivalence relation s = s’ <= d(s,s’) = 0. Call (7p,d)
this metric space. Write up for the measure induced on 7p by Lebesgue measure on |0, 1].
Then (7p, 1) is the Brownian CRT, and the equality in law of the fragmentations Fp and Fj



follows immediately from the definition of the mass measure. Our next result generalizes this
construction.

Theorem 3. Let F' be a ranked self-similar fragmentation with same hypotheses as in Theorem
[@, and suppose v has infinite total mass. Then there exists a continuous random function
(Hp(s),0 < s < 1), called the height function, such that Hr(0) = Hp(1), Hp(s) > 0 for every
s € (0,1), and such that F' has the same law as the fragmentation F' defined by: F'(t) is the
decreasing rearrangement of the lengths of the interval components of the open set Ip(t) = {s €
(0,1): Hp(s) > t}.

An interesting point in this construction is also that it shows that a large class of self-similar
fragmentation with negative index has a natural interval representation, given by (Ig(t),t > 0).

In parallel to the computation of the Hausdorff dimension of the CRTs built above, we are
able to estimate Holder coefficients for the height processes of these CRTs. Our result is

Theorem 4. Suppose v(S) = oo, and set

V9w 1= sup{b>0:li?(}xbl/(sl < l—x):oo},
Dup = inf{b>0:1iﬁ)ll‘bl/(81 <1l-—ux) :O}.

Then the height process Hp is a.s. Holder-continuous of order + for every v < tow A |,
and, provided that fs(sfl — Dr(ds) < oo, a.s. not Hélder-continuous of order ~ for every
v > U A .

Again we point out that one actually obtains an upper bound for the maximal Holder
coefficient even when [¢(s;' — 1)v(ds) = oo : with g defined by (B), a.s. Hp cannot be
Hoélder-continuous of order v for any v > vy, A ||/ 0.

Note that ¥y, Uyp depend only on the characteristics of the fragmentation process, and more
precisely, on the behavior of ¥ when s; is close to 1. By contrast, our Hausdorff dimension
result for the tree depended on a hypothesis on the behavior of v when s; is near 0. Remark
also that ¥,, may be strictly smaller than 1. Therefore, the Hausdorff dimension of 7p is in
general not equal to the inverse of the maximal Holder coefficient of the height process, as one
could have expected. However, this turns out to be true in the case of the stable tree, as will
be checked in Section E.4:

Corollary 3. The height process of the stable tree with index 3 € (1,2] is a.s. Hélder-continuous
of any order v < 1 —1/3, but a.s. not of order v >1—1/0.

When 3 = 2, this just states that the Brownian excursion is Holder-continuous of any order
< 1/2, a result that is well-known for Brownian motion and which readily transfers to the
normalized Brownian excursion (e.g. by rescaling the first excursion of Brownian motion whose
duration is greater than 1). The general result had been obtained in [[4] by completely different
methods.



Last, we mention that most of our results extend to a more general class of fragmenta-
tions in which a fragment with mass = splits to give fragments with masses xs, s € S, at
rate ¢(z)v(ds) for some non-negative continuous function ¢ on (0,1] (see [L§] for a rigorous
definition). The proofs of the above theorems easily adapt to give the following results: when
liminf, o2 7%(z) > 0 for some b < 0, the fragmentation can be encoded as above into a CRT
and, provided that v is infinite, into a height function. The set of leaves of the CRT then has a
Hausdorff dimension smaller than 1/ |b| and the height function is y-Hélder continuous for every
¥ < Yiow A [b] . If moreover lim sup,_, 2 %(z) < oo for some a < 0 and [ (s7' — 1) v(ds) < oo,
the Hausdorff dimension is larger than 1/ |a| and the height function cannot have a Holder
coefficient v > Ygp A |al.

Building the CRT 7 associated to a ranked fragmentation F’ will be done by determining its
“marginals”, i.e. the subtrees spanned by a finite but arbitrary number of randomly chosen
leaves. To this purpose, it will be useful to use partitions-valued fragmentations, which we first
define, as well as a certain family of trees with edge-lengths.

2.1 Exchangeable partitions and partitions-valued self-similar frag-
mentations

Let P be the set of (unordered) partitions of N = {1,2,...} and [n] = {1,2,...,n}. We
adopt the following ordering convention: for m € P, we let (m,ms,...) be the blocks of ,
so that m; is the block containing ¢ provided that ¢ is the smallest integer of the block and
m; = @ otherwise. We let O = {{1},{2},...} be the partition of N into singletons. If B C N
and m € P we let 1N B (or w|p) be the restriction of 7 to B, i.e. the partition of B whose
collection of blocks is {m; N B,i > 1}. If 1 € P, and B € 7 is a block of 7, we let
Bl — 1 HEOD
n—oo n

be the asymptotic frequency of the block B, whenever it exists. A random variable 7 with
values in P, is called exchangeable if its law is invariant by the natural action of permutations
of N on Py. By a theorem of Kingman [PQ, ], all the blocks of such random partitions admit
asymptotic frequencies a.s. For m whose blocks have asymptotic frequencies, we let |7| € S
be the decreasing sequence of these frequencies. Kingman’s theorem more precisely says that
the law of any exchangeable random partition 7 is a (random) “paintbox process”, a term we
now explain. Take s € S (the paintbox) and consider a sequence Uy, Us, ... of i.i.d. variables
in NU {0} (the colors) with P(U; = j) = s; for j > 1 and P(U; = 0) =1 — )", sg. Define
a partition 7 on N by saying that ¢ # j are in the same block if and only if U; = U; # 0
(i.e. i and j have the same color, where 0 is considered as colorless). Call ps(dm) its law, the
s-paintboxr law. Kingman’s theorem says that the law of any random partition is a mixing of
paintboxes, i.e. it has the form [, _¢m(ds)ps(dr) for some probability measure m on S. A useful
consequence is that the block of an exchangeable partition 7 containing 1, or some prescribed
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integer 1, is a size-biased pick from the blocks of 7, i.e. the probability it equals a non-singleton
block 7; conditionally on (|7;],7 > 1) equals |r;|. Similarly,

Lemma 1. Let m be an exchangeable random partition which is a.s. different from the trivial
partition Q, and B an infinite subset of N. For any i € N, let

i=inf{j>i:jeBand{j} ¢}

theni < oo a.s. and the block 7 of contammgz 1s a size-biased pick among the non-singleton
blocks of w, i.e. if we denote these by i, 7, ..

*)

P = w5 = 1) = |nil/ 3 I,
J

For any sequence of partitions (7,4 > 1), define m = ﬂz‘zl 7@ by

T a® . .
k~j <= k'~j Vi>1.

Lemma 2. Let (7,1 > 1) be a sequence of independent exchangeable partitions and set 7 :=
Nis1 7. Then, a.s. for every j € N,

_ i)
ml =11 ’”i(c(aj) )

i>1

where (k(i,7),j > 1) is defined so that m; =), (@)

i>1 Tg(i5)

Proof. First notice that k(¢,j) < j for all i« > 1 a.s. This is clear when 7; # @, since j € 7,

and then j € ﬂ,i . When 7; = &, j € m,, for some m < j and then m and j belong to the

same block of 7T(Z) for all ¢ > 1. Thus k(i,7) < m < j. Using then the paintbox construction
of exchangeable partitions explained above and the mdependence of the 7("’s, we see that the
I.V. HZ>1 fmen®_p ™ > j + 1, are iid conditionally on (|7Tk ”)| i > 1) with a mean equal to

[Tiss |7T il The law of large numbers therefore gives

@ | _ -
N E IO I (T
i>1 jH1<m<n i>1 "
On the other hand, the random variables [[.., 1{me W 4 = Yimeny, m > j + 1, are iid.
= JLIC)
conditionally on |r;| with mean |7;| and then the limit above converges a.s. to ||, again by
the law of large numbers. OJ

We now turn our attention to partitions-valued fragmentations.

Definition 3. Let (II(t),t > 0) be a Markovian Ps-valued process with 11(0) = {N, @, &,...}
that is continuous in probability and exchangeable as a process (meaning that the law of 11 is
invariant by the action of permutations). Call it a partition-valued self-similar fragmentation
with index o € R if moreover 11(t) admits asymptotic frequencies for all t, a.s., if the process
([TIL(t)],t > 0) is continuous in probability, and if the following fragmentation property is sat-
isfied. For t,t' > 0, given II(t) = (71,2, ...), the sequence II(t + t') has the same law as the
partition with blocks m NIV (|7 [*'), 7o N (75| t), . . ., where (IID i > 1) are independent
copies of T1.



Bertoin [[] has shown that any such fragmentation is also characterized by the same 3-tuple
(c, ¢, v) as above, meaning that the laws of partition-valued and ranked self-similar fragmenta-
tions are in a one-to-one correspondence. In fact, for every (o, ¢, ), one can construct a version
of the partition-valued fragmentation II with parameters (a,c,v), and then (|II(¢)|,t > 0)
is the ranked fragmentation with parameters («,c,v). Let us build this version now. It is
done following [f, []] by a Poissonian construction. Recall the notation ps(dr), and define
K, (dm) fs v(ds)ps(dm). Let # be the counting measure on N and let (A, k;) be a Py, x N-
Valued Poisson point process with intensity , ® #. We may construct a process (II°(¢), ¢ > 0)
by letting T1°(0) be the trivial partition (N, &, &, ...), and saying that I1° jumps only at times
t when an atom (A, k) occurs. When this is the case, IT° jumps from the state I1°(t—) to the
following partition II°(¢): replace the block II), (t—) by II}, (t—) N A, and leave the other blocks
unchanged. Such a construction can be made rigorous by considering restrictions of partitions
to the first n integers and by a consistency argument. Then II° has the law of the fragmentation
with parameters (0,0, v).

Out of this “homogeneous” fragmentation, we construct the («, 0, v)-fragmentation by intro-
ducing a time-change. Call )\;(t) the asymptotic frequency of the block of T1°(¢) that contains
1, and write

Ty(t) = inf {u >0 /O M(r)odr > t} . (3)

Last, for every t > 0 we let II(¢) be the random partition such that ¢, j are in the same block of
I1(¢) if and only if they are in the same block of II°(T;(¢)), or equivalently of TI°(7}(¢)). Then
(IL(t),t > 0) is the wanted version. Let (G(t),t > 0) be the natural filtration generated by
IT completed up to P-null sets. According to [[], the fragmentation property holds actually
for G-stopping times and we shall refer to it as the strong fragmentation property. In the
homogeneous case, we will rather call G° the natural filtration.

When a < 0, the loss of mass in the ranked fragmentations shows up at the level of partitions
by the fact that a positive fraction of the blocks of II(¢) are singletons for some ¢ > 0. This last
property of self-similar fragmentations with negative index allows to build a collection of trees
with edge-lengths.

2.2 Trees with edge-lengths

A tree is a finite connected graph with no cycles. It is rooted when a particular vertex (the root)
is distinguished from the others, in this case the edges are by convention oriented, pointing from
the root, and we define the out-degree of a vertex v as being the number of edges that point
outward v. A leaf in a rooted tree is a vertex with out-degree 0. For k > 1, let T\ be the set
of rooted trees with exactly k labeled leaves (the names of the labels may change according to
what we see fit), the other vertices (except the root) begin unlabeled , and such that the root
is the only vertex that has out-degree 1. If t € T}, we let E(t) be the set of its edges.

A tree with edge-lengths is a pair J = (t,e) for t € (J,>, Tx and e = (e;,4 € E(t)) €
(R, \ {0})F®. Call t the skeleton of . Such a tree is naturally equipped with a distance

d(v,w) on the set of its vertices, by adding the lengths of edges that appear in the unique path
connecting v and w in the skeleton (which we still denote by [[v,w]]). The height of a vertex is



its distance to the root. We let Ty be the set of trees with edge-lengths whose skeleton is in T.
For 9 € Ty, let e.o0t be the length of the unique edge connected to the root, and for e < e,o0t
write ¢ — e for the tree with edge-lengths that has same skeleton and same edge-lengths as 1,
but for the edge pointing outward the root which is assigned length e, — €.

We also define an operation MERGE as follows. Let n > 2 and take 91,75, ..., 9, respectively
in Ty, Tgy,- ., Tk,, with leaves (L}, 1 < i < k), (L2, 1 < @ < ko), .., (L1 < i < k)
respectively. Let also e > 0. The tree with edge-lengths MERGE((V1,...,U,);e) € Ty j, is
defined by merging together the roots of 9¢,...,9, into a single vertex e, and by drawing a
new edge root — e with length e.

Last, for 9 € Ty and ¢ vertices vy, ..., v;, define the subtree spanned by the root and vy, ..., v;
as follows. For every p # ¢, let b(v,,v,) be the branchpoint of v, and v,, that is, the highest
point in the tree that belongs to [[root,v,]] N [[root, v,]]. The spanned tree is the tree with
edge-lengths whose vertices are the root, the vertices vy, ..., v; and the branchpoints b(v,, v,),
1 < p # q < i, and whose edge-lengths are given by the respective distances between this subset
of vertices of the original tree.

2.3 Building the CRT

Now for B C N finite, define R(B), a random variable with values in Typ, whose leaf-labels
are of the form L; for i € N | as follows. Let D; = inf{t > 0: {i} € II(¢)} be the first time
when {i} “disappears”, i.e. is isolated in a singleton of I1(¢). For B a finite subset of N with at
least two elements, let Dp = inf{t > 0 : #(BNII(t)) # 1} be the first time when the restriction
of II(t) to B is non-trivial, i.e. has more than one block. By convention, Dy = D;. For every
i > 1, define R({i}) as a single edge root — L;, and assign this edge the length D;. For B with
#B > 2 let By, ..., B; be the non-empty blocks of BNII(Dg), arranged in increasing order of
least element, and define a tree R(B) recursively by

R(B) = MERGE((R(B1) — Dpg, ..., R(B;) — Dg); Dp).

Last, define R(k) = R([k]). Notice that by definition of the distance, the distance between L;
and L; in R(k) for any k > iV j equals D; + D; — 2Dy; 5.

We now state the key lemma that allows to describe the CRT out of the family (R(k),k > 1)
which is the candidate for the marginals of 7. By Aldous [f], it suffices to check two properties,
called consistency and leaf-tightness. Notice that in [JJ], only binary trees (in which branchpoint
have out-degree 2) are considered, but as noticed therein, this translates to our setting with
minor changes.

Lemma 3. (i) The family (R(k),k > 1) is consistent in the sense that for every k and j < k,
R(j) has the same law as the subtree of R(k) spanned by the root and j distinct leaves LY, ..., L%
taken uniformly at random from the leaves Ly, ..., Ly of R(k), independently of R(k).

(ii) The family (R(k),k > 1) is leaf-tight, that is, with the above notations,

min d(L}, L%) 5 0.

2<j<k
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Proof. The consistency property is an immediate consequence of the fact that the process II
is exchangeable. Taking j leaves uniformly out of the k ones of R (k) is just the same as if we
had chosen exactly the leaves Ly, Lo, ..., L;, which give rise to the tree R(j), and this is (i).

For (ii), first notice that we may suppose by exchangeability that L¥ = L;. The only
point is then to show that the minimal distance of this leaf to the leaves Lo, ..., L; tends to
0 in probability as k¥ — oo. Fix > 0 and for £ > 0 write ¢! = inf{t > 0 : |I[;(¢)| < €},
where TI;(t) is the block of TI(¢) containing 1. Then ¢! is a stopping time with respect to
the natural filtration (F;,t > 0) associated to IT and t! T D; as ¢ | 0. By the strong
Markov property and exchangeability, one has that if K(¢) = inf{k > 1: k € II;(¢!)}, then
P(D1 + Dg(y — 2tt < n) = E[Pug) (D1 + Dk < 1)] where Py is the law of the fragmen-
tation II started at 7 (the law of IT under P, is the same as that of the family of partitions
({blocks of m NIIW (Jmy[*t), o NII@ (|ma|*t),. ..} ,t > 0) where the II)’s,i > 1, are indepen-
dent copies of Il under Py g o,.}). By the self-similar fragmentation property and exchange-
ability this is greater than P(D; + Dy < €“n), which in turn is greater than P(27 < ¢%n)
where 7 is the first time where II(¢) becomes the partition into singletons, which by [§] is finite
a.s. This last probability thus goes to 1 as € | 0. Taking ¢ = ¢(n) | 0 quickly enough as
n — oo and applying the Borel-Cantelli lemma, we a.s. obtain a sequence K (g(n)) such that
d(L1, Lgny) < D1+ Dg(e(n)) — 2te(n) < 1. Hence the result. O

For a rooted R-tree T" and k vertices vy, ..., v, we define exactly as for marked trees the
subtree spanned by the root and vy, ..., vk, as an element of Ty. A consequence of [, Theorem
3] is then:

Lemma 4. There ezists a CRT (711, un) such that if Zy, ..., Zy is a sample of k leaves picked
independently according to ur conditionally on pp, the subtree of Irp spanned by the root and
21y .., Zx has the same law as R(k).

In the sequel, sequences like (Z;, Zs, .. .) will be called exchangeable sequences with directing
measure .

Proof of Theorem [. We have to check that the tree 7y of the preceding lemma gives
rise to a fragmentation process with the same law as F' = |II|. By construction, we have that
for every t > 0 the partition II(¢) is such that ¢ and j are in the same block of II(¢) if and
only if L; and L; are in the same connected component of {v € 75 : ht(v) > t}. Hence, the
law of large numbers implies that if F”(¢) is the decreasing sequence of the p-masses of these
connected components, then F’(t) = F(t) a.s. for every t. Hence, F’ is a version of F', so we
can set 7p = 7y;. That T is a-self-similar is an immediate consequence of the fragmentation
and self-similar properties of F.

We now turn to the last statement of Theorem [ With the notation of Lemma [ we will
show that the path [[@, Z1]] is almost-surely in the closure of the set of leaves of 7 if and only if
v(S) = oo. Then it must hold by exchangeability that so do the paths [[@, Z;]] for every i > 1,
and this is sufficient because the definition of the CRTs imply that S(7z) = U,+,[[@, Zi[[, see
[B, Lemma 6] (the fact that 7z is a.s. compact will be proved below). To this end, it suffices
to show that for any a € (0,1), the point aZ; of [[&, Z1]] that is at a proportion a from & (the
point vg 7, (ad(@, Z1)) with the above notations) can be approached closely by leaves, that is,
for n > 0 there exists j > 1 such that d(aZ;, Z;) < n. It thus suffices to check that for any
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d>0

with the above notations derived from IT (this is a slight variation of [B, (iii) a). Theorem 15]).

Suppose that v(S) = oo. Then for every rational r > 0 such that |[II;(r)| # 0 and for
every § > 0, the block containing 1 undergoes a fragmentation in the time-interval (r,r + §/2).
This is obvious from the Poisson construction of the self-similar fragmentation Il given above,
because v is an infinite measure so there is an infinite number of atoms of (A, k;) with k, = 1
in any time-interval with positive length. It is then easy that there exists an infinite number
of elements of II;(r) that are isolated in singletons of II(r + ¢), e.g. because of Lemma [ below
which asserts that only a finite number of the blocks of II(r+4§/2) “survive” at time r+4, i.e. is
not completely reduced to singletons. Thus, an infinite number of elements of IT; () correspond
to leaves of some R(k) for k large enough. By taking r close to aD; we thus have the result.

On the other hand, if v(S) < oo, it follows from the Poisson construction that the state
(1,0,...) is a holding state, so the first fragmentation occurs at a positive time, so the root
cannot be approached by leaves. O

Remark. We have seen that we may actually build simultaneously the trees (R(k),k > 1)
on the same probability space as a measurable functional of the process (II(¢),¢ > 0). This
yields, by redoing the “special construction” of Aldous [B], a stick-breaking construction of the
tree 7, by now considering the trees R(k) as R-trees obtained as finite unions of segments
rather than trees with edge-lengths (one can check that it is possible to switch between the two
notions). The mass measure is then defined as the limit of the empirical measure on the leaves
Li,...,L,. The special CRT thus constructed is a subset of ¢! in [B], but we consider it as
universal, i.e. up to isomorphism. The tree R(k + 1) is then obtained from R (k) by branching
a new segment with length Dy — maxpcp 2o Dpury, and 7 can be reinterpreted as the
completion of the metric space |J,~; R(k). On the other hand, call Ly, Lo, ... as before the
leaves of J,~, R(k), Ly being the leaf corresponding to the k-th branch. One of the subtleties
of the special construction of [J] is that Ly, Lo, ... is not itself an exchangeable sample with
the mass measure as directing law. However, considering such a sample 71, Z,, ..., we may
construct a random partition IT'(t) for every ¢ by letting i ~'®) j if and only if Z; and Z; are in
the same connected component of the forest {v € 7p : ht(v) > t}. Then easily II'(¢) is again a
partition-valued self-similar fragmentation, and in fact |II'(¢)| = F'(¢) a.s. for every ¢ so II' has
same law as IT (II" can be interpreted as a “relabeling” of the blocks of IT). As a conclusion, up
to this relabeling, we may and will assimilate 7 as the completion of the increasing union of
the trees R(k), while Ly, Lo, ... will be considered as an exchangeable sequence with directing
law pip.

Proof of Proposition . The fact that the process F' defined out of a CRT (7, u) with the
stated properties is a S-valued self-similar fragmentation with index « is straightforward and
left to the reader. The treatment of the erosion and sudden loss of mass is a little more subtle.
Let Zy, Zs, ... be an exchangeable sample directed by the measure p, and for every ¢ > 0 define
a random partition II(¢) by saying that ¢ and j are in the same block of 1I(¢) if Z; and Z; fall
in the same tree component of {v € 7 : ht(v) > t}. By the arguments above, II defines a
self-similar partition-valued fragmentation such that |II(¢)| = F'(¢) a.s. for every t. Notice that
if we show that the erosion coefficient ¢ = 0 and that no sudden loss of mass occur, it will
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immediately follow that 7 has the same law as 7p.

Now suppose that v(} . s; < 1) # 0. Then (e.g. by the Poisson construction of fragmenta-
tions described above) there exists a.s. two distinct integers ¢ and j and a time D such that
i and j are in the same block of II(D—) but {i} € II(D) and {j} € II(D). This implies that
Z; = Z;, so p has a.s. an atom and (7, ) cannot be a CRT. On the other hand, suppose that
the erosion coefficient ¢ > 0. Again from the Poisson construction, we see that there a.s. exists
a time D such that {1} ¢ II(D—) but {1} € II(D), and nevertheless II(D) NII;(D—) is not
the trivial partition @. Taking j in a non-trivial block of this last partition and denoting its
death time by D', we obtain that the distance from Z; to Z; is D' — D, while the height of
Zy is D and that of Z; is D’. This implies that Z; is a.s. not in the set of leaves of 7, again
contradicting the definition of a CRT. OJ

3 Hausdorff dimension of 75

Let (M,d) be a compact metric space. For & C M, the Hausdorff dimension of £ is the real
number

dimy (&) :=inf {y > 0:m(£) =0} =sup{y > 0:m, () = oo}, (5)
where
my (&) := selig inf Z A(E;), (6)

the infimum being taken over all collections (E;,i > 1) of subsets of £ with diameter A(E;) < ¢,
whose union covers £. This dimension is meant to measure the “fractal size” of the considered
set. For background on this subject, we mention [[If]] (in the case M = R", but the generalization
to general metric spaces of the results we will need is straightforward).

The goal of this Section is to prove Theorem 2 and more generally that

L < dimy (L(7F)) < L a.s.

| ]
where o is the v-dependent parameter defined by (). The proof is divided in the two usual
upper and lower bound parts. In Section 3.1, we first prove that 7z is indeed compact and
that dimy (L£(7F)) < 1/|a| a.s., which is true without any extra integrability assumption on

v. We then show that this upper bound yields dimy, (dAMp) < 1A 1/|a| a.s. (Corollary B), the
Hausdorff dimension of dMp being defined as

Sections 3.2 to 3.4 are devoted to the lower bound dimy (£L(7r)) > o/ || a.s. This is obtained
by using appropriate subtrees of 7p (we will see that the most naive way to apply Frostman’s
energy method with the mass measure pp fails in general). That Theorem 2 applies to stable
trees is proved in Sect. B.5.
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3.1 Upper bound

We begin by stating the expected

Lemma 5. The tree T is a.s. compact.

Proof. Fort > 0 and ¢ > 0, denote by N the number of blocks of II(¢) not reduced to
singletons that are not entirely reduced to dust at time ¢ + . We first prove that Ny is a.s.
finite. Let (I1;(¢),7 > 1) be the blocks of T1(¢), and (|II;(¢)],7 > 1), their respective asymptotic
frequencies. For integers ¢ such that |II;(¢)| > 0, that is I1;(¢) # @ and II;(¢) is not reduced to
a singleton, let 7, := inf {s > ¢ : II;(¢) N II(s) = O} be the first time at which the block II;(#)
is entirely reduced to dust. Applying the fragmentation property at time ¢, we may write 7
as 7; = ¢ + |IL(t)|'™' % where 7; is a r.v. independent of G (t) that has same distribution as
7 = inf{t > 0 : II(¢t) = O}, the first time at which the fragmentation is entirely reduced to
dust. Now, fix £ > 0. The number of blocks of TI(¢) that are not entirely reduced to dust at
time ¢ 4 ¢, which could be a prior: infinite, is then given by

= 2 Lungns

o:|11;(¢)| >0

;From Proposition 15 in [1§], we know that there exist two constants C4, Cy such that P(r >
t) < Cre~ ! for all t > 0. Consequently, for all § > 0,

EIN;[G(1)] < €1 ) e mor (7)

#:|I1;(¢)| >0

< *52 ()",

where C(0) = sup,ep+ {Ci12%¢™ "} < oo. Since Y, [I;(t)] < 1 as, this shows by taking
d =1/]a| that Nf < oo a.s.
Let us now construct a covering of supp (u) with balls of radius 5. Recall that we may

suppose that the tree 7r is constructed together with an exchangeable leaf sample (L1, Lo, . . .)
directed by pp. For each | € NU{0}, we introduce the set

={keN:{k} ¢Il(le),{k} € I((I+1)e)},

some of which may be empty when v(S) < oo, since the tree is not leaf-dense. For [ > 1, the
number of blocks of the partition Bf NII((I —1)¢) of Bf is less than or equal to Nj_,). and
so is a.s. finite. Since the fragmentation is entirely reduced to dust at time 7 < oo a.s., IV is
equal to zero for [ > 7/¢ and then, defining

Zle

we have N, < 0o a.s. ([7/e] denotes here the largest integer smaller than 7/¢). Now, consider a
finite random sequence of pairwise distinct integers o (1), ...,0(N.) such that for each 1 <[ <
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[7/¢] and each non-empty block of Bf NTI((I — 1)¢€), there is a o(i),1 < i < N, in this block.
Then each leaf L; belongs then to a ball of center L,(;, for an integer 1 < 7 < N, and of
radius 4e. Indeed, fix 7 > 1. It is clear that the sequence (Ble)leNu{o} forms a partition of N.
Thus, there exists a unique block Bf containing j and in this block we consider the integer o(7)
that belongs to the same block as j in the partition Bf NTI((({ — 1) vV 0)e). By definition (see
Section 2.3), the distance between the leaves L; and Ly ;) is d(L;, L)) = Dj+ D@y — 2Dy o)} -
By construction, j and o(i) belong to the same block of II(((I — 1) V 0) ) and both die before
(I + 1) e. In other words, max(D;, Do(;)) < (I 4+ 1) e and Dyj )y > ((I — 1) V 0) €, which implies
that d(L;, L,@;)) < 4e. Therefore, we have covered the set of leaves {L;,j > 1} by at most IV,
balls of radius 4e. Since the sequence (Lj)j21 is dense in supp (u), this induces by taking balls
with radius 5e instead of 4e a covering of supp (u) by N. balls of radius 5e. This holds for all
e > 0 so supp (u) is a.s. compact. The compactness of 7 follows. O

Let us now prove the upper bound for dimy(L(Zr)). The difficulty for finding a “good”
covering of the set L£(7r) is that as soon as v is infinite, this set is dense in 7z, and thus
one cannot hope to find its dimension by the plain box-counting method, because the skeleton
S(7r) has a.s. Hausdorff dimension 1 as a countable union of segments. However, we stress
that the covering with balls of radius 5¢ of the previous lemma is a good covering of the whole
tree, because the box-counting method leads to the right bound dim #(7r) < (1/|a|) V 1, and
this is sufficient when |a| < 1. When |a| > 1 though, we may lose the details of the structure
of L(7r). We will thus try to find a sharp “cutset” for the tree, motivated by the computation
of the dimension of leaves of discrete infinite trees.

Proof of Theorem : upper bound. For every i € N and ¢ > 0 let Il;)(¢) be the block of
I1(¢) containing ¢ and for € > 0 let

t;: = inf{t >0: |H(i)(t)| < 6}.

Define a partition IT° by ¢ ~™ j if and only if I;)(£;) = II;;)(¢5). One easily checks that this
random partition is exchangeable, moreover it has a.s. no singleton. Indeed, notice that for any
i, ;) (t5) is the block of TI(¢;) that contains 4, and this block cannot be a singleton because the
process (|IL;(¢)],t > 0) reaches 0 continuously. Therefore, II®) admits asymptotic frequencies
a.s., and these frequencies sum to 1. Then let

7 = sup inf{t > : [ (t)] =0} — &
JEIl () ()

be the time after ¢{ when the fragment containing ¢ vanishes entirely (notice that 77 = 77
whenever i ~° j). We also let b5 be the unique vertex of [, L;]] at distance £ from the root,

. . . HE .
notice that again b = b5 whenever 7 ~™ j.

We claim that B
L(Tp) < | B, ),
ieN

where B(v,r) is the closed ball centered at v with radius r in 7. Indeed, for L € £(7F), let
by, be the vertex of [[@, L]] with minimal height such that pr(7,,) < €, where 7p, is the fringe
subtree of 7p rooted at by. Since by, € S(7r), pur(7y,) > 0 and there exists infinitely many
i's with L; € T,,. But then, it is immediate that for any such ¢, t5 = ht(b;) = ht(b). Since
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(Liyi > 1) is dense in £(7F), and since for every j with L; € T one has d(bf, L;) < 77 by
definition, it follows that L € B(b5,75). Therefore, (B(bS,75),i > 1) is a covering of L(7).
The next claim is that this covering is fine as € | 0, namely
sup7; — 0 a.s.
ielgl) ‘elo
Indeed, if it were not the case, we would find n > 0 and 7,,,n > 0, such that Tiln/ 2 > n and

d(b% 2 L;,) > n/2 for every n. Since 7 is compact, we may suppose up to extraction that

L; — v for some v € Tp. Now, since ,UF(TI/2”) < 27" it follows that we may find a vertex
b € [[@,v]] at distance at least n/4 from v, such that pr(7y) = 0, and this does not happen a.s.

To conclude, by the self-similarity property applied at the (G(t),¢ > 0)-stopping time 5, 77
has the same law as [I1;(5)[1%/7, where 7 has same law as inf{t > 0 : |[II(t)| = (0,0,...)} and
is taken independent of |II;)(¢)|. Therefore,

E S )| = BrelE

= E[r 1/Ia\] < 00 (8)

E | ()]

i>1

(we have just chosen one 7 representing each class of II° above). The fact that E[r/1%1] is finite
comes from the fact that 7 has exponential moments. Because our covering is a fine covering
as € | 0, it finally follows that (with the above notations)

s e\1/|af
ma o (L(TF)) < hrgll%)nf Z (17) a.s.,
ZH(l)(tf)ZHZ(tf)

which is a.s. finite by () and Fatou’s Lemma. O
Proof of Corollary B. By Theorem [[, the measure d My has same law as dWr,, the Stieltjes

measure associated to the cumulative height profile V Wr.(t) = pp{v € Tp : ht(v) < t},t > 0.
To bound from above the Hausdorft dimension of dWW 7., note that

AW, (1 (£ (T)) = [ Luiemiempppe(de) =1
Tr

since pup(L(7r)) = 1. By definition of dimy (dWg;,), it is thus sufficient to show that

dimy (ht(L£ (7)) < 1/ |a| a.s. To do so, remark that ht is Lipschitz and that this property

easily leads to

dimy (ht(L (7r))) < dimy (£ (7F)) -

The conclusion hence follows from the majoration dimy (£ (7r))) < 1/ |a| proved above. [

3.2 A first lower bound

Recall that Frostman’s energy method to prove that dimy(€) > v where £ is a subset of a metric
space (M,d) is to find a nonzero positive measure 7(dz) on £ such that [, [, % < 00.
A naive approach for finding a lower bound of the Hausdorff dimension of 7 is thus to apply

this method by taking n = pr and € = L(7r). The result states as follows.
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Lemma 6. For any fragmentation process I satisfying the hypotheses of Theorem [], one has

dimy(L(Tr) > = A (1 4 ﬁ) ,

| |

B::_inf{q:/5<1_§Sg )V(ds)>—oo}6[0,1], 9)
A —sup{a<1 /
s

Proof. By Lemma [ (recall that (71, un1) = (ZF, pur) by Theorem 1) we have

pir ( dx MF dy) [ 1 }
3 off —
/TF /TF d(Ly, Ly)7 Te 1

“lJ, /TF i |

and by definition, d(Lq, L) = Dy + Dy — 2D{1,2}. Applying the strong fragmentation property
at the stopping time Dy 5y, we can rewrite Dy and D, as

where

and

—ag )<oo} e [0, 1]. (10)

1<i<y

so that

Dy = Dg gy + A‘la‘(D{l,Z})El Dy = D9y + )\lza‘<D{1,2})52

where A\ (Dy2y) (resp. Ao(Dyi,93)) is the asymptotic frequency of the block containing 1 (resp.

2) at time Dy 9y and Dy and D, are independent with the same law as D; and independent of
G (Dy1.9y) - Therefore,

d(Ly, Ly) = M (Dg1ay) Dy + AN (Dyy.2y) D,

and

E {m] <2F [M"(Dpgy)sh(Dpagy) = Me(Diagy)] E [Dy7]. (11)

By [[9, Lemma 2] the first expectation in the right-hand side of inequality ([[T]) is finite as soon
as |a|y < A, while by L8, Sect. 4.2.1] the second expectation is finite as soon as v < 14p/ |a.

That dimH(ﬁ(Tp)) > ((A/ la]) A (14 p/|a])) follows. O

Let us now make a comment about this bound. For dislocation measures such that v(sy;1 >
0) = 0 for some N > 1, the constant A equals 1 since for all a > —1,

/ZZSIJra v(ds) /(N )Q;sty(ds) < (N—l)/s(l—sl)y(ds) < 5

In such cases, if moreover p = 1, the “naive” lower bound of Lemma fj is thus equal to 1/ |a/.
A typical setting in which this holds is when v(S) < oo and v(sy;1 > 0) = 0 and therefore, for
such dislocation measures the “naive” lower bound is also the best possible.
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3.3 A subtree of 7r and a reduced fragmentation

In the general case, in order to improve this lower bound, we will thus try to transform the
problem on F' into a problem on an auxiliary fragmentation that satisfies the hypotheses above.
The idea is as follows: fix an integer N and 0 < ¢ < 1. Consider the subtree TFN < C Tr
constructed from 77 by keeping, at each branchpoint, the N largest fringe subtrees rooted
at this branchpoint (that is the subtrees with the largest masses) and discarding the others
in order to yield a tree in which branchpoints have out-degree at most N. Also, we remove
the accumulation of fragmentation times by discarding all the fringe subtrees rooted at the
branchpoints but the largest one, as soon as the proportion of its mass compared to the others
is larger than 1 — . Then there exists a probability ' such that (7., u°) is a CRT, to
which we will apply the energy method.

Let us make the definition precise. Define LM C L(7F) to be the set of leaves L such that
for every branchpoint b € [[@, L]], L € F,° with F.° defined by
-7:5\776:7;1U---U7;N ifﬂF<%1)/ﬂF(Ui>17?)§1_5
=T if o (7" LT >1—¢ (12)
Fp o =1, 1 NF(b)/MF(Ui21 b)> €

where 7;', 7,2 ... are the connected components of the fringe subtree of 7r rooted at b, from
whom b has been removed (the connected components of {v € 7 : ht(v) > b}) and ranked in
decreasing order of pp-mass. Then let TP{V ° C T be the subtree of 7 spanned by the root
and the leaves of £V i.e.

TN ={veTp:3L e LN ve e, L]}

The set TP{V ° C Tr is plainly connected and closed in 7r, thus an R-tree.

Now let us try to give a sense to “taking at random a leaf in ’TP{V “”_ In the case of Tf, it was
easy because, from the partition-valued fragmentation II, it sufficed to look at the fragment
containing 1 (or some prescribed integer). Here, it is not difficult (as we will see later) that the
corresponding leaf L; a.s. never belongs to 7, FN’a when the dislocation measure v charges the
set {s1 > 1 —e}U{snys1 > 0}. Therefore, we will have to use several random leaves of 7p. For
any leaf L € L£(T) \ L(T°) let b(L) be the highest vertex v of [@, L]] such that v € T2°.
Call it the branchpoint of L and TP{V <,

Now take at random a leaf Z; of 7 with law pup conditionally on pp, and define recursively
a sequence (Z,,n > 1) with values in 7z as follows. Let Z,,; be independent of Z1,..., 7,
conditionally on (7g, ur,b(Z,)), and take it with conditional law

P(Zyir € | To, pr, 0(Z0)) = e (-0 Foy ) e (Fis)-
Lemma 7. Almost surely, the sequence (Z,,n > 1) converges to a random leaf ZV< E(TP{V’a).
If ui® denotes the conditional law of ZN< given (Tp, pr), then (TS, in®) is a CRT, provided

€ 1s small enough.

To prove this and for later use we first reconnect this discussion to partition-valued frag-
mentations. Recall from Sect. B-1] the construction of the homogeneous fragmentation IT° with
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characteristics (0,0,v) out of a Py x N-valued Poisson point process ((Ag, ki), t > 0) with
intensity x, ® #. For any partition m € P, that admits asymptotic frequencies whose ranked
sequence is s, write 7Tl-l for the block of m with asymptotic frequency s; (with some convention
for ties, e.g. taking the order of least element). We define a function GRIND™ : P, — Py
that reduces the smallest blocks of the partition to singletons as follows. If 7 does not admit
asymptotic frequencies, let GRIND™<(7r) = 7, else let

N W%, o 7T]lv, singletons) ifs;<1—¢
GRIND™ (7)) = .
T, singletons) if sy >1—¢.

Now for each ¢ > 0 write AN = GRINDM<(A,), so ((AN°, k), t > 0) is a Ps x N-valued Poisson
point process with intensity measure s,~.: ® #, where v’V is the image of v by the function

(81,0, 8N,0,...) if 53 <1—¢
SESH{ (51,0,..) ifs; >1—e.

From this Poisson point process we construct first a version 11V of the (0, 0, N ’5) fragmen-
tation, as explained in Section 2.1. For every time t > 0, the partition I1%:¢(¢) is finer than
I1°(¢) and the blocks of TT1%"<(¢) non-reduced to singleton are blocks of I1°(¢). Next, using the
times-change () , we construct from I1%V< a version of the (a, 0, ") fragmentation, that we
denote by IV,

Note that for dislocation measures v such that v™¢ (3" s; < 1) = 0, Theorem J is already
proved, by the previous subsection. For the rest of this subsection and next subsection, we
shall thus focus on dislocation measures v such that vV (3~ s; < 1) > 0. In that case, in T1%"¢
(unlike for TT) each integer i is eventually isolated in a singleton a.s. within a sudden break
and this is why a pp-sampled leaf on 7 cannot be in TFN’E, in other words, pur and ,ug’e are
a.s. singular. Recall that we may build 77 together with an exchangeable up-sample of leaves
Ly, Ly, ... on the same probability space as II (or IIY). We are going to use a subfamily of
(L1, Lo, ...) to build a sequence with the same law as (Z,,n > 1) built above. Let i; = 1 and

. 3 y ) N
i1 = nf{i >in L,y € Fb(iin)}.

It is easy that (L;, ,n > 1) has the same law as (Z,,,n > 1). From this, we build a decreasing
family of blocks B®"<(t) € TI°(¢), t > 0, by letting B»"¢(¢) be the unique block of T1°(¢) that
contains all but a finite number of elements of {iy, is,...}.

Here is a useful alternative description of B%M<(t). Let D™ be the death time of 7 for the
fragmentation I1%V:¢ that is

DYNE —inf{t > 0: {i} € I%N=(1)}.

By exchangeability the DY"*’s are identically distributed and D% = inf{t > 0 : k, =
1 and {1} € A"} so it has an exponential law with parameter [((1 — 3, s;)v"*(ds). Then
notice that B%<(¢) is the block admitting 4, as least element when D{™° < ¢ < D?ﬁf.
Indeed, by construction we have

ins1 = inf{i € BONE(DYNE) 1 (i} ¢ IONe(DYNA)Y
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Moreover, the asymptotic frequency A?’N’e(t) of BON=(t) exists for every ¢ and equals the pp-

mass of the tree component of {v € 7p : ht(v) > t} containing L;, for D?;N’a <t< DNe

tn+1
Notice that at time D?;N’e, either one non-singleton block coming from B%M ’e(Dg’LN’E—), or
up to N non-singleton blocks may appear; by Lemma [, BV 75(D2’1N’€) is then obtained by

taking at random one of these blocks with probability proportional to its size.
Proof of Lemma []. For ¢ > 0 let \%V<(¢) = | B%V¢(¢)| and

TON(t) = inf {u >0: /Ou (ASNE(r)) " dr > t} (13)

and write BN<(t) := BONe(TON:(¢)), for TONV4(t) < co and BM¢(t) = @ otherwise, so for
all t > 0, BV=(t) € TIV4(t). Let also D;° := T%N<(D{"™*) be the death time of 4, in the
fragmentation T1V°. Tt is easy that b, = b(L;,) is the branchpoint of the paths [[@, L;,]] and
(2, Li,.,.]], so the path [[@, b,]] has length D}*. The “edges” [[bn, bn11]], 7 € N, have respective

lengths D;Zfl - Di:’s, n € N. Since the sequence of death times (D}

;. ,m > 1) is increasing
and bounded by 7 (the first time at which II is entirely reduced to singletons), the sequence
(bn,n > 1) is Cauchy, so it converges by completeness of 7z. Now it is easy that D?;N’E — 00 as
n — 00 a.s., 5o \%VE(1) — 0 as t — oo a.s. (see also the next lemma). Therefore, it is easy by
the fragmentation property that d(L;, ,b,) — 0 a.s. so L;, is also Cauchy, with the same limit,
and that the limit has to be a leaf which we denote L™* (of course it has same distribution
as the ZV¢ of the lemma’s statement). The fact that LY € 7,2° a.s. is obtained by checking
(), which is true since it is verified for each branchpoint b € [[&,b,]] for every n > 1 by

construction.

We now sketch the proof that (TFN’E, ug’e) is indeed a CRT, leaving details to the reader.
We need to show non-atomicity of ,ug’s, but it is clear that when performing the recursive
construction of ZV¢ twice with independent variables, (Z,,n > 1) and (Z/,n > 1) say, there
exists a.s. some n such that Z, and Z/ end up in two different fringe subtrees rooted at some
of the branchpoints b,, provided that ¢ is small enough so that v(1 —s; > €) # 0 (see also
below the explicit construction of two independently ug’e—sampled leaves). On the other hand,
all of the subtrees of 7 rooted at the branchpoints of 7, FN’€ have positive pp-mass, so they will
end up being visited by the intermediate leaves used to construct a ,ug’g-i.i.d. sample, so the
condition N ({v € T, : [[@,v]] N [[@,w]] = [[@,w]]}) > 0 for every w € S(T°) is satisfied.
O

It will also be useful to sample two leaves (L{V’a,LéV’a) that are independent with same
distribution p° conditionally on pX° out of the exchangeable family Ly, Ly,.... A natural
way to do this is to use the family (L, Ls, Ls, . ..) to sample the first leaf in the same way as
above, and to use the family (Lg, Ly, ...) to sample the other one. That is, let ji = 1,5% = 2
and define recursively (j!, j2,n > 1) by letting

{ oy =inf{j € 2N+1,5 > ji: L; € iy |}
J

j2, =inf{j €2N,j >4, L € f,f(vi;)}
It is easy to check that (L;1,n > 1) and (L;2,n > 1) are two independent sequences distributed

as (Z1, Z,...) of Lemma [|. Therefore, these sequences a.s. converge to limits L) ° L), and
these are independent with law p2° conditionally on ph*. We let Dy = ht(L]kV’s), k=1,2.
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Similarly as above, for every ¢t > 0 we let By"™*(t), k = 1,2 (resp. By *(t)) be the block of
T1°(¢) (resp. I1(t)) that contains all but the first few elements of {j¥, 7% ...}, and we call A" (t)
(resp. Ap (1)) its asymptotic frequency. Last, let DY), =inf{t >0: BYet)ynBYNE(t) = o}
(and define similarly Dy 91). Notice that for ¢ < Df{)m}, we have BY™V¢(t) = BY™4(t), and by

construction the two least elements of the blocks (2N+1)NB{"""*(t) and (2N)NB)"V*(t) are of the
form j!, j2 for some n,m. On the other hand, for ¢ > D{1 2y, We have BMetynBYN(t) = @,

and again the least elements of (2N + 1) N BY™4(t) and (2N) N By™V*(t) are of the the form
gL 42 for some n,m. In any case, we let j1(t) = j! j2(t) = j2 for these n,m.
3.4 Lower bound

Since uFa is a measure on L(7r), we want to show that for every a < p, the integral

fTNs fTNs w is a.s. finite for suitable N and ¢. So consider a < p, and note

d(z,y)a/1e]
that
/ / Py | _ 1
TNe Jrve d(zx y a/lal d(LYe, LY=)allal

where d(L)°, L)"°) = Dy + D, — 2Dy 23, with notations above. The fragmentation property at
the stopping time Dy 5y lead to

Dy =Dy + A (Dy) D, k=1,2,

where 151,152 are independent with the same distribution as D, the height of the leaf LY
constructed above, and independent of G(Dy1,9y). Therefore, the distance d(LY, LYY can be

rewritten as o
o o~

5 5 5 o] ~ 5
ALy, 13 = (W= (Paa)) D+ (W (Pua)) Dy
and

E [d(Liv’e,Lév’e)*“/ '“‘] <2F {(Aiv’s(D{la})) A (D) > AQV’E(D{LZ})} E[D~/l].

Therefore, that dimy (L(7F)) > 1V (o/ |a) is directly implied by the following Lemmas § and
10,
Lemma 8. The quantity E[D~7] is finite for every 0 <~ < o/ |a]|.

The proof uses the following technical lemma. Recall that AV<(t) = |BV<(t)].

Lemma 9. One can write AV = exp (—gp(_)) , where & (tacitly depending on N, ) is a subor-
dinator with Laplace exponent

N
5i15<1—5}
O (q) = 1= s 1rgor o+ (1— s {;)Vds, >0, 14
0= [ (= + 00 252 Qutas, g z0. 1y
and p 1s the time-change

p(t) = inf {u >0: /u exp(ag,)dr > t} , t>0.
0

21



Proof. Recall the construction of the process B%"¢ from II°, which itself was constructed
from a Poisson process (Ay, ks, t > 0). From the definition of B%(¢), we have

BN () = () AV,

0<s<t

where the sets AN are defined as follows. For each s > 0, let i(s) be the least element of the
block B%"(s—) (so that BON=(s—) = H?(s)(s—)), so (i(s),s > 0) is an (F(s—),s > 0)-adapted
jump-hold process, and the process {A; : ks = i(s),s > 0} is a Poisson point process with
intensity x,. Then for each s such that k, = i(s), AN consists in a certain block of A,, and

precisely, AN< is the block of A, containing
inf {i € B""*(s—) : {i} ¢ AY<},

the least element of B%":*(s—) which is not isolated in a singleton of AM¢ (such an integer
must be of the form 4, for some n by definition). Now B%":¢(s—) is F(s—)-measurable, hence
independent of A,. By Lemma [, AV# is thus a size-biased pick among the non-void blocks of
AN<and by definition of the function GRIND™, the process (JAY<], s > 0) is a [0, 1]-valued
Poisson point process with intensity w(s) characterized by

- f(s)w(ds) = /5 (1{51>1—e}f(81) + 1isi<i—} Zf(sz‘)—> v(ds),

i1 $1+...+$N

for every positive measurable function f. Then |BOM¢(1)] = [y, |AN#| a.s. for every ¢ > 0.
To see this, denote for every k > 1 by ANk ANeF - the atoms AN< s < ¢, such that

|ANe| e [1—k~11—(k+1)7!). Complete this a.s. finite sequence of partitions by partitions 1

and call I'®) their intersection, i.e. T®) := Niz1(AY=*). By Lemma [, |Fg?| = [Tiss |Z§’E’k\,

where 7y, is the index of the block (5, Zg’e’k in the partition I'®). These partitions I'*®), k > 1,

are exchangeable and clearly independent. Applying again Lemma [ gives |ﬂk21 rg’j}| =
[T [Tiss |Zg’6’k\, which is exactly the equality mentioned above. The exponential formula

for Poisson processes then shows that (&,t > 0) = (—log(A®"=(t)),¢t > 0) is a subordinator
with Laplace exponent ®¢. The result is now obtained by noticing that (B) rewrites \¥*(¢) =
AONE(p(t)) in our setting. O
Proof of Lemma [§. By the previous lemma, D = inf{¢t > 0 : ANV5(¢) = 0}, which equals
fooo exp(ag;)dt by definition of p. According to Theorem 25.17 in [BF], if for some positive ~y
the quantity

N

— — Si]- S; 1 S1 —€&
Qe (—) := /s ((1 —51) Lggym1-ey + Z (1-s5,7) 8{1 _T_O.}“ {+ i; }> v(ds)

i=1

is finite, then Elexp(v&;)] < oo for all ¢ > 0 and it equals exp(—t®¢(—7)). Notice that ®¢(—v) >
—oo for 7 < ¢ < 1. Indeed for such 7’s, [¢ (577 — 1) 1i5,51-cr(ds) < oo by definition and

N

1(o<1e <1
/ Z (s = 5) —Amslel ) pas) < N/ My(ds),
g S1+ ...+ SN S S1

i=1
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which is finite by definition of ¢ and since v integrates (1 — s;). This implies in particular that
& has finite expectation for every ¢, and it follows by [[1]] that F[D~!] < co. Then, following
the proof of Proposition 2 in [fJ] and using again that ®¢(—v) > —oo for v < p,

(AW@WMQMQ_F1:¥j%%#ﬂ@E (Ameww&mﬁ_j

for every integer k < o/ |a|. Hence, using induction, E[( [, exp(a&;)) '] is finite for k =
lo/|a]] if o/|a] ¢ N and for k = o/|a| —1 else. In both cases, we see that E[D~7] < oo for every
v < oflal. [

Lemma 10. For any a < o, there exists N,e such that

E

FE [(A?’E(D{172})> ;)\iV,a(D{LQ}) Z )\éV,a(D{172}):| < OQ.

The ingredient for proving Lemma [[( is the following lemma, which uses the notations
around the construction of the leaves (L1, LY%).

Lemma 11. With the convention log(0) = —oo, the process

o(t) = —log

B?’N’E(t)ﬂBS’N’a(t)’ Ct>0

is a killed subordinator (its death time is D({)L2}) with Laplace exponent

Bala) =1+ [

N 2
S; 1 S1 —€
(=8 b + 008 2 Yo, 20, (19
s i=1

(s14 ... + sn)

where the killing rate X< := [(37, . sisj(:l{fﬁy(ds) € (0,00). Moreover, the pair

(I 1) = eXp(U(D?l,z}_))(A?’N’e(pgm})a >‘(2)7N’6(D?172}))

is independent of J(D?m}—) with law characterized by

1 SiSilie<1—evlissor1lys,
(00| - kN«-:/S ST sy, p) RS S0 2200 g

1<itj<N ($1+...+SN)

for any positive measurable function f.

Proof. We again use the Poisson construction of TI° out of (Ay, ks, ¢ > 0) and follow closely
the proof of the intermediate lemma used in the proof of Lemma B. For every ¢ > 0 we have

BVt = () AF k=12,

0<s<t

where A¥ is defined as follows. Let J*(s),k = 1,2 be the integers such that By™°(s—) =
Hgk(s)(s—), so {Ag: kg = J*(s),s > 0}, k= 1,2 are two Poisson processes with same intensity
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Ky, which are equal for s in the interval [0, D{1 oy)- Then for s with k, = JE(s), let AF be the
block of A, containing j*(s). If BY™*(s—) = BY™*(s—) notice that j!(s), j2(s) are the two
least integers of (2N + 1) N BY™#(s—) and (2N) N BY™*(s—) respectively that are not isolated
as singletons of AN so Al = A? if these two integers fall in the same block of AY<. Hence
by a variation of Lemma [, (|AL N A2|, s > 0) is a Poisson process whose intensity is the image
measure of x,~.:(7l{.2y) by the map m — |7/, and killed at an independent exponential time
(namely D?m}) with parameter k,~.:(1 » 2) (here 1 ~ 2 means that 1 and 2 are in the same
block of 7). This implies ([[3).

The time D?l 2y 18 the first time when the two considered integers fall into two distinct blocks

of AN, Tt is then easy by the Poissonian construction and the paintbox representation to check

that these blocks have asymptotic frequencies (12, 15°°) which are independent of cr(D({)1 23 =)
U

and have the claimed law.

Proof of Lemma [I0. First notice, from the fact that self-similar fragmentations are time-
changed homogeneous fragmentations, that

(A (Daay) A" (D ap)) < (AP (DF) ), A9 (D, o)
Thus, with the notations of the intermediate lemma,
E {(Af’E(D{lz})) A (D) 2 Aév’a(D{m})}
= F [eXp(aU(D?172}—)] E |:(l{v’€> —a : l‘ivﬁ Z lév7€:| .

First, define for every a > 0 ®,(—a) by replacing ¢ by —a in ([J) and then remark that
®,(—a) > —oo when a < o. Indeed, [q(s7%—1)1gs>1-pv(ds) is then finite and, since

a 2—a
21<1<N ;e < (Zlgz‘gN Si) (2-a>1),

1 _ 1 _
> (st sl atd
1SN (s1+ ...+ sn) s§

which, by assumption, is integrable with respect to v. Then, consider a subordinator o
with Laplace transform ®, — k™ and independent of D{1 gy» such that o = o on (0,D? {12} ).
As in the proof of Lemma B, we use Theorem 25.17 of [RF], which gives E [exp(aa(t))] =
exp (—t (<I>(,(—a) — kN’E)) for all ¢ > 0. Hence, by independence of ¢ and D?LQ}’

E[exp(aa(D?LQ}—ﬂ = E[GXp(ag(D?1,2}))]

= kN’E/ exp(—tk"¢) exp (—t(®,(—a) — kN’E)) dt,
0

which is finite if and only if ®,(—a) > 0. Recall that ®,(—a) is equal to

/S(l—s1 ) Lisys1-pv(ds) —i—/S< Z 5;5; + Z s — 7% )( Lozizo) sv(ds). (16)

1<i£j<N 1<i<N 1+ ...+ 5N)
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Since

Yoosisit Y (TS =) )P > S

1<i£j<N 1<i<N 1<i<N 1<i<N

the integrand in the second term converges to (1 — s ) 1i,<1—y as N — oo and is domi-
nated by (1 + sf“) 1¢s,<1-<}. So, by dominated convergence, the second term of ([[§) converges
to [((1 =3, s7 ") 15, <1—pv(ds) as N — oo. This last integral converges to a strictly posi-
tive quantity as € | 0, and since [¢ (1 —s7%) L5,51-cjv(ds) — 0 as e — 0, $,(—a) is strictly
positive for N and 1/e large enough. Hence E[exp(aa(D?m}—))] < oo for N and 1/e large
enough.

On the other hand, Lemma [ implies that the finiteness of E[(1})*1 {I{V’Ezlév’s}] is equivalent

to that of [ ZK#KN s “sj(;l{fﬁy(ds) But this integral is finite for every integers N

and every 0 < e < 1, since >° .oy si %s; < N?s7~® and v integrates s;“1(s,<1_c}. Hence the
result. O

3.5 Dimension of the stable tree

This section is devoted to the proof of Corollary fl. Recall from [R3] that the fragmentation
F_ associated to the (3-stable tree has index 1/ — 1 (where 3 € (1,2]). In the case § = 2,
the tree is the Brownian CRT and the fragmentation is binary (it is the fragmentation Fp of
the Introduction), so that the integrability assumption of Theorem 2 is satisfied and then the
dimension is 2. So suppose 3 < 2. The main result of [PJ] is that the dislocation measure
v_(ds) of F_ has the form

AT 1
T

1

v_(ds) =C(B)E {TI; € ds]

for some constant C'(3), where (T;,z > 0) is a stable subordinator with index 1/3 and AT} ;) =
(A1, As, . ..) is the decreasing rearrangement of the sequence of jumps of 7" accomplished within
the time-interval [0, 1] (so that >, A; = T1). By Theorem P, to prove Corollary [ it thus suffices
to check that E[T7(T1/A; — 1)] is finite. The problem is that computations involving jumps of
subordinators are often quite involved; they are sometimes eased by using size-biased picked
jumps, whose laws are more tractable. However, one can check that if A, is a size-biased picked
jump among (Ay, A, ...), the quantity E[T1(T;/A. — 1)] is infinite, therefore we really have to
study the joint law of (T}, A;). This has been done in Perman [R4], but we will re-explain all
the details we need here.

Recall that the process (T, > 0) can be put in the Lévy-Ito form T, = > . ., A(y),

where (A(y),y > 0) is a Poisson point process with intensity cu™'~'?du (the Lévy measure
of T') for some constant ¢ > 0. Therefore, the law of the largest jump of T" before time 1 is
characterized by

P(Ay<v)=P ( sup A(y) < v) = exp (—cﬁv’l/ﬁ) v >0,

0<y<1

and by the restrlctlon pro?erty of Poisson processes, conditionally on A; = v, one can write
T =v+ T( , where ( ,x > 0) is a subordinator with Lévy measure cu~1~ 1/51{0<u<v}d7,L
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The Laplace transform of T is given by the Lévy-Khintchine formula

v —Au
ATOY — exp (= [ )
Elexp(—=AT,")] —exp< :E/O IRESVEE du | ANz >0,

in particular, Tl(v) admits moments of all order (by differentiating in A) and U_1T1(v) has the

same law as Tv(f)l /s (by changing variables). We then obtain

Tl(Al) Tl(Al)_
ETy(Ty/A -1 = F A1
[(Th/Ay = 1)] AT A,
[ (v) (v)
—1 T T
— Kl/ dy v~ VBe= P’ <1+1—> —_
- v v
— Kl/ dv v~ BB -(1+Tv(})1/6> Tv(})l/ﬁ]
R+ -

where Ky = K(f) > 0. Since Tl(l) has a moment of orders 1 and 2, the expectation in the
integrand is dominated by some Kov~? 4+ K3v=2/8. It is then easy that the integrand is
integrable both near 0 and oo since § < 2. Hence [ (51_1 — 1) v_(ds) < 0.

4 The height function

We now turn to the proof of the results related to the height function, starting with Theorem
B. The height function we are going to build will in fact satisfy more than stated there: we will
show that under the hypotheses of Theorem [, there exists a process Hp that encodes 7 in
the sense given in the introduction, that is, 7 is isometric to the quotient ((0,1),d)/ =, where
d(u,v) = Hp(u) + Hp(v) — 2infsepu Hr(s) and u =v <= d(u,v) = 0. Once we have proved
this, the result is obvious since Ir(t)/ = is the set of vertices of 7p that are above level t.

4.1 Construction of the height function

Recall from [P that to encode a CRT, defined as a projective limit of consistent random R—trees
(R(k),k > 1), in a continuous height process, one first needs to enrich the structure of the R-
trees with consistent orders on each set of children of some node. The sons of a given node of
R(k) are thus labelled as first, second, etc... This induces a planar representation of the tree.
This representation also induces a total order on the vertices of R(k), which we call <, by
the rule v < w if either v is an ancestor of w, or the branchpoint b(v,w) of v and w is such
that the edge leading toward v is earlier than the edge leading toward w (for the ordering on
children of b(v,w)). In turn, the knowledge of R(k), <, or even of R(k) and the restriction of
= to the leaves Ly, ..., Ly of R(k), allows to recover the planar structure of R(k). The family
of planar trees (R(k), <k, k > 1) is said to be consistent if furthermore for every 1 < j < k
the planar tree (R(j), <;) has the same law as the planar subtree of (R(k), <)) spanned by j
leaves L1, ..., L? taken independently uniformly at random among the leaves of R(k).
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We build such a consistent family out of the consistent family of unordered trees (R(k), k >
1) as follows. Starting from the tree R(1), which we endow with the trivial order on its only
leaf, we build recursively the total order on R(k + 1) from the order <, on R(k), so that the
restriction of <j41 to the leaves Ly, ..., Ly of R(k) equals <. Given R(k + 1), <k, let b(Lyy1)
be the father of L;.;. We distinguish two cases:

1. if b(Lg11) is a vertex of R(k), which has r children ¢, ¢, ..., ¢, in R(k), choose J uni-
formly in {1,2,...,r 4+ 1} and let ¢; 1 =<g41 Lgsr1 =<k41 CJ, that is, turn Lg,; into the
j-th son of b(Lyy1) in R(k + 1) with probability 1/(r + 1) (here ¢q (resp. ¢,4+1) is the
predecessor (resp. successor) of ¢; (resp. ¢,) for <;; we simply ignore them if they do not
exist)

2. else, b(Lgy1) must have a unique son s besides Li.1. Let s’ be the predecessor of s for
=k and s” its successor (if any), and we let 8" <p11 Lri1 <ki1 s with probability 1/2 and
$ =g+1 Lry1 Sgks+1 8" with probability 1/2.

It is easy to see that this procedure uniquely determines the law of the total order <4, on
R(k+1) given R(k+1), =<, and hence the law of (R(k), <k, k > 1) (the important thing being
that the order is total).

Lemma 12. The family of planar trees (R(k), <y, k > 1) is consistent. Moreover, given R(k),
the law of <y can be obtained as follows: for each vertex v of R(k), endow the (possibly empty)
set {c1(v),...,c;(v)} of children of v in uniform random order, this independently over different
vertices.

Proof. The second statement is obvious by induction. The first statement follows, since we
already know that the family of unordered trees (R(k), k > 1) is consistent. O

As a consequence, there exists a.s. a unique total order < on the set of leaves {L1, Ly...}
such that the restriction =|p==x. One can check that this order extends to a total order on
the set L(7F) : if L, L' are distinct leaves, we say that L < L’ if and only if there exist two
sequences Lyx) = Lym), k > 1, the first one decreasing and converging to L and the second
increasing and converging to L’. In turn, this extends to a total order (which we still call <) on
the whole tree 7p. Theorem P is now a direct application of [JJ, Theorem 15 (iii)], the only thing
to check being the conditions a) and b) therein (since we already know that 7z is compact).
Precisely, condition (iii) a) rewritten to fit our setting spells:

]}LIEOP(EIQ <j<k:|Dujy—aDi| <0 and D; —Dpjp <6 and Ly < Ly) = 1.

This is thus a slight modification of (f), and the proof goes similarly, the difference being that
we need to keep track of the order on the leaves. Precisely, consider again some rational r < aD;
close to aDy, so that |TI;(r)| # 0. The proof of (f]) shows that within the time-interval [r,r + 4],
infinitely many integers of I1;(r) have been isolated into singletons. Now, by definition of <,
the probability that any of these integers j satisfies L; <; Ly is 1/2. Therefore, infinitely many
integers of II;(r) give birth to a leaf L; that satisfy the required conditions, a.s. The proof of
[B, Condition (iii) b)] is exactly similar, hence proving Theorem B
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It is worth recalling the detailed construction of the process Hp, which is taken from the
proof of [B, Theorem 15] with a slight modification (we use the leaves L; rather than a new
sample Z;,7 > 1, but one checks that the proof remains valid). Given the continuum ordered
tree (7, pp, <, (Liyi > 1)),

 <n:L; <L
U, = lim #{i<n L]—Ll}’

n—00 n

a limit that exists a.s. Then the family (U;,7 > 1) is distributed as a sequence of independent
sequence of uniformly distributed random variables on (0, 1), and since < is a total order, one
has U; < U; if and only if L; < L;. Next, define Hp(U;) to be the height of L, in 7p, and
extend it by continuity on [0, 1] (which is a.s. possible according to [}, Theorem 15]) to obtain
Hp. In fact, one can define H r(U;) = L; and extend it by continuity on 7z, in which case Hp

is an isometry between 7z and ((0,1),d)/ = that maps (the equivalence class of) U; to L; for
1 > 1, and which preserves order.

Writing Ip(t) = {s € (0,1) : Hp(s) > t}, and |Ip(t)| for the decreasing sequence of the
lengths of the interval components of Ir(t), we know from the above that (|Ix(t)|,t > 0) has
the same law as F'. More precisely,

Lemma 13. The processes (|1p(t)|,t > 0) and (F(t),t > 0) are equal.

Proof. Let II'(t) be the partition of N such that i ~'® j is and only if U; and U; fall in
the same interval component of Ir(t). The isometry Hp allows to assimilate L; to U;, then
the interval component of Ix(t) containing U; corresponds to the tree component of {v € 7T :
ht(v) > ¢} containing L;, therefore U; falls in this interval if and only if i ~1®) j and II'(t) =
I1(t). By the law of large numbers and the fact that (U;, 7 > 1) is distributed as a uniform i.i.d.
sample, it follows that the length of the interval equals the asymptotic frequency of the block of
I1(t) containing 7, a.s. for every t. One inverts the assertions “a.s.” and “for every ¢” by a simple
monotony argument, showing that if (U;,7 > 1) is a uniform i.i.d. sample, then a.s. for every
sub-interval (a,b) of (0, 1), the asymptotic frequency lim, .o, n '#{i <n:U; € (a,b)} =b—a
(use distribution functions). O

We will also need the following result, which is slightly more accurate than just saying, as
in the introduction, that (Ip(t),t > 0) is an “interval representation” of F:

Lemma 14. The process (Ip(t),t > 0) is a self-similar interval fragmentation, meaning that
it is nested (Ip(t') C Ip(t) for every 0 < t < t'), continuous in probability, and for every
t,t' >0, given Ip(t) = ;5 Ii where I; are pairwise disjoint intervals, Ir(t +t') has the same
law as Uizlgi(lg)(t’m\a)), where the Ig),i > 1 are independent copies of Ip, and g; is the
orientation-preserving affine function that maps (0,1) to I;.

Here, the “continuity in probability” is with respect to the Hausdorff metric D on compact
subsets of [0, 1], and it just means that P(D(I&(t,), I5(t)) > ) — 0 as n — oo for any sequence
t, — t and € > 0 (here A°=[0,1]\ A).

Proof. The fact that Ip(t) is nested is trivial. Now recall that the different interval compo-
nents of Ip(t) encode the tree components of {v € Tp : ht(v) > t}, call them 7,(t), To(%), . . ..
We already know that these trees are rescaled independent copies of 7x, that is, they have
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the same law as pp(7Z;(t))™* ® T@, i > 1, where 7(® i > 1 are independent copies of 7p.
So let 7@ = up(7;i(t))* ® Z;(t). Now, the orders induced by < on the different 7(’s have
the same law as =< and are independent, because they only depend on the L;’s that fall in
each of them. Therefore, the trees (7@, u®, <@)) are independent copies of (7, pr, <), where
p D) = pp((pr(Ti(t)™ @ ) N Tit)/urp(Ti(t) and <@ is the order on 7@ induced by the
restriction of < to 7;(t). It follows by our previous considerations that their respective height
processes H¥ are independent copies of Hp, and it is easy to check that given Ip(t) = Uisy L
(where I; is the interval corresponding to 7;(t)), the excursions of Hr above t are precisely the
processes u(7Z;(t))"*H® = |I|=*H®. The self-similar fragmentation property follows at once,
as the fact that Ir is Markov. Thanks to these properties, we may just check the continuity in
probability at time 0, and it is trivial because Hp is a.s. continuous and positive on (0,1). O

It appears that besides these elementary properties, the process Hp is quite hard to study.
In order to move one step further, we will try to give a “Poissonian construction” of Hp, in the
same way as we used properties of the Poisson process construction of I1° to study 7z. To begin
with, we move “back to the homogeneous case” by time-changing. For every x € (0, 1), let I,.(t)
be the interval component of Ir(t) containing z, and |I.(t)| be its length (= 0 if I.(t) = ).
Then set

T, ' (z) = inf {u >0: / |1 (r)|*dr > t} ,
0

and let I1%(¢) be the open set constituted of the union of the intervals I,(7; *(z)),r € (0,1)
(it suffices in fact to take the union of the Iy, (T, (U;)),i > 1). From [ and Lemma [[4],
(I%(t),t > 0) is a self-similar homogeneous interval fragmentation.

4.2 A Poissonian construction

Recall that the process (II(t),t > 0) is constructed out of a homogeneous fragmentation
(I1%(t),t > 0), which has been appropriately time-changed, and where (II°(¢),¢ > 0) has it-
self been constructed out of a Poisson point process (Ay, ki, t > 0) with intensity x, ® #.
Further, we mark this Poisson process by considering, for each jump time ¢ of this Poisson
process, a sequence (U;(t),i > 1) of i.i.d. random variables that are uniform on (0, 1), so that
these sequences are independent over different such t’s. We are going to use the marks to build
an order on the non-void blocks of IT°. It is convenient first to formalize what we precisely call
an order on a set A: it is a subset O of A x A satisfying:

1. (i,1) € O for every i € A

2. (i,7) € O and (j,7) € O imply i = j

3. (i,7) € O and (j,k) € O imply (i,k) € O.

If B C A, the restriction to B of the order O is O3 = O N (B x B). We now construct a
process (O(t),t > 0), with values in the set of orders of N, as follows. Let O(0) = {(4,4),7 € N}

be the trivial order, and let n € N. Let 0 < t; < ty < ... < tg be the times of occurrence of
jumps of the Poisson process (A¢, k¢, t > 0) such that both k; < n and (Ay)py (the restriction
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of A; to [n]) is non-trivial. Let O™(0) = O,;(0), and define a process O"(t) to be constant on
the time-intervals [t;_1,t;) (where to = 0), where inductively, given O™(t;_1) = O"(t;—), O"(t;)
is defined as follows. Let J,,(t;) = {j € Hgti (ti—) : j < nand II9(t;) # @} so that k, € J,(t;)
as soon as Hgti(ti_) # @. Let then

o't)=|J {G.k}IU U {(J. k)} U U {(k,5)}.
3yk€Tn(t;): 3:(F ket )EO ) (i —) Ji(kt; ) €O ) (8 —)
Uj(t:)<Up(t:) k€Jdn(t;) keJn(ts)

In words, we order each set of new blocks in random order in accordance with the variables
Un(t;),1 < m < n, and these new blocks have the same relative position with other blocks as
had their father, namely the block II) (t;—).

It is not difficult that the orders thus defined are consistent as n varies, i.e. (O™ (t))jn] =
O"(t) for every n, t, and it easily follows that there exists a unique process (O(t),t > 0) such that
Ojpy () = O™(1) for every n,t (for existence, take the union over n € N, and unicity is trivial).
The process O thus obtained allows to build an interval-valued version of the fragmentation
I1°(¢), namely, for every ¢ > 0 and j > 0 let

10(t) = oML D IR

k#35:(k,7)€O(t) k:(k,j)eO(t)

(né)tice tha(u)t I(t) = @ if I(t) = 'Q). Write 1°(t) 0: Uj»1 I3 (1), .and notice that the length
[I7(t)] of I}(t) equals the asymptotic frequency of IT;(¢) for every j > 1, > 0.

Proposition 2. The processes (I%(t),t > 0) and (I°(t),t > 0) have the same law.

As a consequence, we have obtained a construction of an object with the same law as I%
with the help of a marked Poisson process in P, and this is the one we are going to work with.

Proof. Let I%(i,t) be the interval component of I%(#) containing U; if i is the least j
such that U; falls in this component, and I%(i,t) = & else. Let Op(t) = {(i,4),i € N} U
{(4,k) : I2(4,t) is located to the left of I%(k,t) and both are nonempty}. Since the lengths of
the interval components of I% and I° are the same, the only thing we need to check is that the
processes O and Of have the same law. But then, for j # k, (j, k) € Op(t) means that the
branchpoint b(L;, Ly) of L; and Ly has height less than ¢, and the subtree rooted at b(L;, L)
containing L; has been placed before that containing L;. Using Lemma [J, we see that given
Tr, L1, Lo, . . ., the subtrees rooted at any branchpoint b of 75 are placed in exchangeable random
order independently over branchpoints. Precisely, letting 7;” be the subtree containing the leaf
with least label, 7. the subtree different from 7, containing the leaf with least label, and so
on, the first subtrees 7, ..., 7, are placed in any of the k! possible linear orders, consistently
as k varies. Therefore (see e.g. [, Lemma 10]), there exist independent uniform(0, 1) random
variables U}, U3, . .. independent over b’s such that 7" is on the “left” of 7" (for the order Op)
if and only if U} < U?. This is exactly how we defined the order O(t). O

Remark. As the reader may have noticed, this construction of an interval-valued fragmen-
tation has in fact little to do with pure manipulation of intervals, and it is actually almost
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entirely performed in the world of partitions. We stress that it is in fact quite hard to con-
struct directly such an interval fragmentation out of the plain idea: “start from the interval
(0,1), take a Poisson process (s(t), k¢ > 0) with intensity v(ds) ® #, and at a jump time
of the Poisson process turn the ki-th interval component Iy, (t—) of I(t—) (for some labeling
convention) into the open subset of Iy, (t—) whose components sizes are |Iy,(t—)|s;(t),i > 1,
and placed in exchangeable order”. Using partitions helps much more than plainly giving a
natural “labeling convention” for the intervals. In the same vein, we refer to the work of Gnedin
[[7], which shows that exchangeable interval (composition) structures are in fact equivalent to
“exchangeable partitions+order on blocks”.

For every x € (0,1), write I2(¢) for the interval component of I%(¢) containing x, and notice
that ID(t—) = (N, Io(s) is well-defined as a decreasing intersection. For t > 0 such that
I0(t) # I0(t—), let s*(t) be the sequence |I%(t) N I0(¢t—)|/|I2(t—)|, where |I%(t) N I2(t—)| is the
decreasing sequence of lengths of the interval components of I'%(¢) N I2(¢t—). The useful result
on the Poissonian construction is given in the following

Lemma 15. The process (s*(t),t > 0) is a Poisson point process with intensity v(ds), and more
precisely, the order of the interval components of I%(t) N I2(t—) is exchangeable: there exists
a sequence of i.i.d. uniform random wvariables (UF(t),i > 1), independent of (G°(t—),s"(t))
such that the interval with length s¥(t)|I0(t—)| is located on the left of the interval with length
sT()|I2(t=)| if and only if UF(t) < UF(t).

Proof. Leti(t,z) =inf{i € N: U; € I%(t)}. Then i(t, ) is an increasing jump-hold process in
N. If now I2(t) # I%(t—), it means that there has been a jump of the Poisson process Ay, k; at
time ¢, so that k; = (¢, ), and then s*(t) is equal to the decreasing sequence |A;| of asymptotic
frequencies of A, therefore s*(t) = |A;| when k; = i(t—, z), and since i(t—, x) is progressive,
its jump times are stopping times so the process (s*(t),t > 0) is in turn a Poisson process with
intensity v(ds). Moreover, by Proposition P and the construction of I°, each time an interval
splits, the corresponding blocks are put in exchangeable order, which gives the second half of
the lemma. 0

4.3 Proof of Theorem {
4.3.1 Holder-continuity of Hp

We prove here that the height process is a.s. Holder-continuous of order v for every v < ¥ow Al /.
The proof will proceed in three steps.

First step: Reduction to the behavior of Hr near 0. By a theorem of Garsia Rodemich
and Rumsey (see e.g. [[J]), the finiteness of fo ! Hr (@)= Hr )"0 dzdy leads to the (L_Q)—

oy nno
Holder-continuity of Hp, so that when the previous integral is finite for every n, the height
process Hp is Holder-continuous of order § for every § < -y, whatever is ng. To prove Theorem
[ it is thus sufficient to show that for every v < o A || there exists a ny(y) such that

1 n+no(7y)
Hg(
/ / |Hr(z) — Hr(y)] dxdy| < oo for every integer n.

-yl
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Now take Vj, V4 uniform independent on (0, 1), independently of Hp. The expectation above

then rewrites F [Hp (Vi) Hp (V)00
VA=V |7 ’

Consider next Ir the interval fragmentation constructed from Hp (see Section 4.1). By
Lemma [[4, Hr(V1) and Hp(V,) may be rewritten as

Hp(V;) = Doy + )\La‘<D{1,2})5ia i1=1,2,

where Dy 9y is the first time at which V; and V3 belong to different intervals of Ir and 51, 152
have the same law as Hp(V)) and are independent of H(Dy2y), where H(t),t > 0 is the
natural completed filtration associated to Ir. The r.v. l~?1 and 52 can actually be described
more precisely. Say that at time Dy 9y, V1 belongs to an interval (al, aj + )\I(D{LQ})) and V5 to
(ag, as + )\Q(D{LQ})) . Then there exist two iid processes independent of H(Dy; ;) and with the

same law as Hp, let us denote them Hg) and Hl(f), such that D; = Hl(mi) (/\(‘;);1“2})) ,0=1,2.

Since Vi € (a;,a; + \i(Dg12})), the random variables Vi=(V,—a) A (D) are iid, with
the uniform law on (0, 1) and independent of Hl(pl), HI(;Z) and H(Dg23). And when Vi > V5,

Vi = Vo > M (Dgaop)Vi + Xa(Dpa ) (1 — ‘72>

since a; is then largest than as + )\Q(D{LQ}). This gives

E

|D1 . D2‘n+no(’7) . |D1 B D2|n+n0(’7) .

a 54\l 5.\ e
<>\1 (Dy1,2y) D1+ Ay (D{1,2})D2>

= (A1<D{1,2})XZ + X2(Dy1,23) (1 - %))W

and this last expectation is bounded from above by

H;—i—no(v) (Vl)
v

H;—i—no(v) (V1)

E
M AL

ontno(n) g [()\1(D{1,2}))(n+n0(w)|al_w} (E

) |

The expectation involving A; is bounded by 1 since v < |a|. And since V; is independent of
Hp, the two expectations in the parenthesis are equal (reversing the order < and performing

the construction of Hp gives a process with the same law and shows that Hp(z) ' gy r(1—x)
for every x € (0, 1)) and finite as soon as

sup E [Hp(x)"J’"O(V)} " < o0, (17)
z€(0,1)

The rest of the proof thus consists in finding an integer ng(vy) such that ([q) holds for every n.
To do so, we will have to observe the interval fragmentation I at nice stopping times depending
on x, say Tgf’), and then use the strong fragmentation property at time TS, This gives

laf =

Hp(z) =T + (So(TY)) " Hr(Po(TY))) (18)

T T
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where S, (T$) is the length of the interval containing z at time TS, P,(TS") the relative

posit(i(;n of x in that interval and Hp a process with the same law as Hp and independent of

Second step: Choice and properties of Tg”. Let us first introduce some notation in order
to prove the forthcoming Lemma [[. Recall that we have called I% the homogeneous interval
fragmentation related to Ir by the time changes T} '(z) introduced in Section 4.1. In this
homogeneous fragmentation, let

I%(t) = (a.(t), b.(t)) be the interval containing x at time ¢
SO(t) the length of this interval
PO(t) = (x — a,(t))/S%(t) the relative position of x in I,(t).
Similarly, we define P?(t—) to be the relative position of z in the interval I9(¢t—), which is

well-defined as an intersection of nested intervals. S2(t—) is the size of this interval. We will
need the following inequalities in the sequel:

PY(t) <x/S(t)  Pt—) <w/SH(t-).

Next recall the Poisson point process construction of the interval fragmentation I, and the
Poisson point process (s%(t)),s, of Lemma [[J. Set

o(t) ;= —In (H sm)) t>0,

s<t

with the convention s{(¢) = 1 when ¢ is not a time of occurrence of the point process. By
Lemma [, the process o is a subordinator with intensity measure v(—Ins; € z), which is
infinite. Consider then T the first time at which z is not in the largest sub-interval of I?
when IV splits, that is

T = inf {t : SY(t) < exp(—0o(t))}.
By definition, the size of the interval containing = at time ¢t < T is given by SY(t) =
exp(—o(t)). We will need to consider the first time at which this size is smaller than a, for a in
(0,1), and so we introduce

T? :=inf {t : exp(—0o(t)) < a}.

Note that P°(t) < xexp(o(t)) when t < T and that P2(T*—) < z exp(o (T -)).

Finally, to obtain a nice T

fragmentation at time

as required in the preceding step, we stop the homogeneous

T A TS

for some ¢ to be determined (and depending on ) and then take for TS the self-similar

() _ -1

counterpart of this stopping time, that is T, rexis oo (). More precisely, we have

Lemma 16. For every v < Viow A ||, there exist a family of random stopping times Tz €

(0,1), and an integer N(vy) such that
(i) for every n >0, 3Cy(n) : £ [(Ty))n} < Ci(n)x™ Vze(0,1),

(i) 3Cy such that E [(SA']T&”))T < Cox™ for every x in (0,1) and n > N(7).
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Proof. Fix v < ¥oy A|a] and then e < 1 such that /(1 —¢) < U)oy The times T,z € (0,1),
are constructed from this ¢ by
TO) = Ty ki, (@),

x TEATO,

and it may be clear that these times are stopping times with respect to H. A first remark is
that the function z € (0,1) — S,(T{”) is bounded from above by 1 and that z € (0,1) — T4
is bounded from above by 7, the first time at which the fragmentation is entirely reduced
to dust, that is, in others words, the supremum of Hp on [0,1]. Since 7 has moments of
all orders, it is thus sufficient to prove statements (i) and (ii) for x € (0,zg) for some well
chosen 2y > 0. Another remark, using the definition of 7, !(z), is that T < Texit A T2
and S, (TY) = S° (Te1* ATZ) , so that we just have to prove (i) and (ii) by replacing in the
statement TS by T A T% and S,(TS") by S° (TS ATS).

We shall thus work with the homogeneous fragmentation. When I? splits to give smaller
intervals, we divide these sub-intervals into three groups: the largest sub-interval, the group of
sub-intervals on its left and the the group of sub-intervals on its right. With the notations of
Lemma [[5, the lengths of the intervals belonging to the group on the left are the s?(¢)S%(t—)
with i such that U?(¢) < Uy (t) and similarly, the lengths of the intervals on the right are the
s?(1)S%(t—) with ¢ such that UZF(t) > Uf(t). An important point is that when T < T9
then at time T the point x belongs to the group of sub-intervals on the left resulting
from the fragmentation of I?(7T¢%—). Indeed, when T < T%, exp(—c (7)) > x, which
rewrites s7(T") exp(—o(T"—)) > z. Using then that PY(T%*—) < xexp(o(T—)), we
obtain s7(T%) > PY(T*—) and thus that x does not belong to the group on the right at time
Tt (x belongs to the group on the right at a time ¢ if and only if P£ (t—) > Zi:UZ”(t)SU% ) St (1))
Hence x belongs to the union of intervals on the left at time 7 when 7" < T%. In others
words,

exit _ . T [ exit o
T2 = inf {t : Zi:Uf(t)<Uf(t) si(t) > P (t )} when T, < T..

The key-point, consequence of Lemma [[J, is that the process (Zi-U?‘(t) <Uz(®) 57 (t)) is a
i >0

(2

marked Poisson point process with an intensity measure on [0, 1] given by

p(du) == /Sp(s,du)z/(ds), u € [0,1],

where for a fixed s in S, p(s, du) is the law of ) _,.;; ;. si, the U;’s being uniform and independent
random variables. We refer to Kingman [PI] for details on marked Poisson point processes.
Observing then that for any a in (0,1/2) and for a fixed s in S

1{1_51>2a} < 1{Z¢:Ui<U1 si>“} T 1{Zi:Ui>U1 si>a}’

we obtain that 1(1_s 524 < 2P (ZzU <, Si > a) and then the following inequality

v(sy <1—2a).

N | —

p((a,1]) =
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This, recalling the definition of ¥, and that v/(1 — &) < Uy, leads to the existence of a
positive xy and a positive constant C' such that

p((z'2,1)) >C (x_u_g))v/(l—&) = Cz™7 forall zin (0, ). (19)

Proof of (i). We again have to introduce a hitting time, that is the first time at which the
Poisson point process <Zi_U¢(t)<Uf(t) sq’(t)> belongs to (z175,1) :
i >0

)

3 . T 1—¢
H,i-- :=inf {t : Zi:Uf(t)<Uf(t) si(t) >z } .

By the theory of Poisson point processes, this time has an exponential law with param-
eter p((z'7%,1]). Hence, given inequality ([9), it is sufficient to show that T A T% <
H,i-- to obtain (i) for = in (0,z9) and then (i) (we recall that it is already known that

SUD ey & E [(']I‘Sﬁ)n] is finite). On the one hand, since P2(t) < zexp(o(t)) when ¢ <
Texit

PYHy-—) <zexp(o(Hy—-—)) < wexp(o(Hyu—-)) when Hyo < T,
On the other hand, H,1-- < T yields

vexp(o(Hy-<)) <a'™° < ZTUI(H vt )sf(Hgglﬁ),
e’ !t =€ 1 !l =€

and combining these two remarks, we get that H,i-- < T A T% implies

0 _ z .
PY(H,—-—) < Zi:Uf(Hx1—s)<Uf(Hx1_5) 7 (Hy-:).
Yet this is not possible, because this last relation on H,1-- means that, at time H,i1--, x is not in
the largest sub-interval resulting from the splitting of I%(H,1--—), which implies H,i-- > T
and this does not match with H,i-- < T2 AT%. Hence T& A T2 < H,i-- and (i) is proved.
Proof of (ii). Take N(v) > ~v/eV 1. When T% < T using the definition of 7% and the right
continuity of o, we have .
So(T7 NTY) < exp(—o(T)) < af

N(v)

and consequently (ST ATZ)) < 27. Thus it just remains to show that

exi o\ N
E [(Sg(Tm CATE)) @) I{T;xit<ngg} <7 for x < x.

When T < T, we know - as explained at the beginning of the proof - that z belongs at time
T to the group of sub-intervals on the left resulting from the fragmentation of I9(7**—)
and hence that SO(T A TZ)NO) < s2(TM) for some 7 such that UF(T) < UF(TS). More

roughly,

0 xi o \N xi
SUT AT N e} S D e gy 5 () s -
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To evaluate the expectation of this random sum, recall from the proof of (i) that T < H,1-.
when T < T9 and remark that either 7" < H,1-- and then

z exit < 1—¢ < 727 . < _
Zi:UiZ(T;Xit)<Ulz(Tzexit) 81 (TJ»‘ ) =T =7 (7 < 1910"‘7(1 E) — 1 5)

or T = H,1-. and then

T exit E : T
S T = S H 1—¢ ).
Zi:Uf(T§Xit)<Uf(T;Xit) 2 ( x ) i:U?(Hzlfs)<Uic(Hzlfs) (3 ( x )

There we conclude with the following inequality

E Z SJC(H 176) = fSE[Ei:Ui<U1 Sil{ziiU¢<U15i>xlis} V(dS)
U () <UF () p (a1, 1])

< C’_lxv/s(l —s1)v(ds), = € (0,x).

0

Third step: Proof of ([7). Fix 7 < oy A || and take TS and N(v) as introduced in
Lemma [[6. Let then ng(y) be an integer larger than N(v)/|a|. According to the first step,
Theorem [ is proved if (I1]) holds for this ny(y) and every integer n > 1. To show this, it is
obviously sufficient to prove that for every integers n > 1 and m > 0, there exists a finite
constant C(n, m) such that

E [Hp(z)™ 0] < C(n,m)2™ Va € (0,1).
This can be proved by induction: for n = 1 and every m > 0, using ([[§), we have

E [HF(x)m+1+no(v)] < gm-+14no(7y)
% (E {(T(mv))mHJrno('y)} VB {(Sx(,]r:(vy)»|a|(m+1+no(v)) 5_,,A,L4r1+no('y)})

where 7 is the maximum of Hy on (0, 1). Recall that this maximum is independent of Sx(Tg/))
and has moments of all orders. Since moreover || (m + 1+ ng(y)) > N(v), we can apply
Lemma [[d to deduce the existence of a constant C'(1,m) such that

E [Hp(x)m+1+"°(“/)} < C(1,m)z” for zin (0,1).
Now suppose that for some fixed n and every m > 0,

E [Hp(z)™t 0] < O(n,m)2™ Va € (0,1).
Then,

B [(Fr (PATE)™ " 3¢ (60)

T

A\
2
S
3
+
N
s
=
2
e
3
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since P,(TY) < 2/8,(T). Next, by ([F),

E [HF(x)ernJrlJrno(’Y)] < 2m+n+1+n0(fy)E [(Tgy)>m+n+1+no(7)]

|ae|(mA+n+14+no(y))—yn
4 2mAntltno MO (n,m + 1)E {(Sm(ﬂl‘g/))) o(1)— 2

Since v < |a|, the exponent |a| (m +n + 1+ ng(y)) —yn > N(v), and hence Lemma [[§ applies
to give, together with the previous inequality, the existence of a finite constant C'(n + 1,m)
such that

E [Hp(z)™ M) < C(n + 1,m)27 )

for every x in (0, 1) . This holds for every m and hence the induction, formula ([[7) and Theorem
are proved.

4.3.2 Maximal Holder exponent of the height process

The aim of this subsection is to prove that a.s. Hr cannot be Hélder-continuous of order v for
any v > Uy A |/ 0.

We first prove that Hp cannot be Holder-continuous with an exponent v larger than ¥,,.
To see this, consider the interval fragmentation Ir and let U be a r.v. independent of Ir and
with the uniform law on (0, 1). By Corollary 2 in [[], there is a subordinator (6(¢),t > 0) with
no drift and a Lévy measure given by

mo(dx) = e™" Zu(—log s; €dx),x € (0,00),

i=1

such that the length of the interval component of Ir containing U at time ¢ is equal to
exp(—0(py(t))), t > 0, pp being the time-change

pe(t) = inf {u >0: /Ou exp (af(r))dr > t} ,t>0.

Denoting by Leb the Lebesgue measure on (0, 1), we then have that
Leb{z € (0,1): Hp(x) >t} > exp(—0(ps(t))). (20)
On the other hand, recall that Hp is anyway a.s. continuous and introduce for every ¢ > 0
xy = inf{x: Hp(xz) =},
so that v < 2y = Hp(z) < t. Hence z; <Leb{z € (0,1) : Hp(x) < t} and this yields, together

with (B0), to
x; <1 —exp(—0(pg(t)) a.s. for every t > 0.

Now suppose that Hp is a.s. Holder-continuous of order . The previous inequality then gives

t = Hp(x,) < Ca < C(0(pa(t))) (21)
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so that it is sufficient to study the behavior of (py(t)) as ¢ — 0 to obtain an upper bound for
7. It is easy that py(t) ~ tast | 0, so we just have to focus on the behavior of 6(t) as t — 0. By

[B, Theorem I11.4.9], for every § > 1, lim;_o (6(¢)/t°) = 0 as soon as fol 7o (t°)dt < oo, where
T(t°) = [,; me(dx). To see when this quantity is integrable near 0, remark first that

1
To(u) = Ta(1) +/ e “v(—log s € dr) when u < 1,

(since s; < 1/2 for i > 2) and second that

1
/ e “v(—logsy € dx) <v(sy <e ™).

Hence,
1 1
/ 7o (t0)dt < Tg(1) +/ v(s; < e ¥)dt
0 0

and by definition of ¥y, this last integral is finite as soon as 1/§ > ¥y,. Thus lim,_q (6(t)/t°) =0
for every 0 < 1/9,, and this implies, recalling (P1), that 76 < 1 for every 0 < 1/9,,. Which
gives 7 < Vyp.

It remains to prove that Hp cannot be Holder-continuous with an exponent 7 larger than
|a| /o. This is actually a consequence of the results we have on the minoration of dim »/(7z).
Indeed, recall the definition of the function Hp : (0,1) — Tp introduced Section 4.1 and in
particular that for 0 < x <y <1

d (ﬁp(x), ﬁF(y)) — Hp(z) + Hp(y) — 2 inf Hp(2),

z€[z,y]

which shows that the y-Holder continuity of Hp implies that of Hp. It is easy and well
known that since Hp : (0,1) — 7, the y-Holder continuity of Hp leads to dimy (7r) <
dimy((0,1))/v = 1/~. Hence Hp cannot be Hélder-continuous with an order v > 1/ dimy(7r).
Recall then that dimy(7r) > o/ |a|. Hence Hp cannot be Hélder-continuous with an order

v > lal /o.

4.4 Height process of the stable tree

To prove Corollary B, we will check that v_(1 — s, > x) ~ Cx'/f~1 for some C > 0 as
x | 0, where v_ is the dislocation measure of the fragmentation F_ associated to the stable ()
tree. In view of Theorem [ this is sufficient, since the index of self-similarity is 1/5 — 1 and
s (51_1 — 1) v(ds) < oo, as proved in Sect. B.5. Recalling the definition of v_ in Sect. B.5 and
the notations therein, we want to prove

E [Tll{l—Al/T1>m}] ~ Cxl/ﬁil as T l 0

Using the above notations, the quantity on the left can be rewritten as
A —1m(A
E (Al + Tl( 1))1{T1(A1)/(A1+T1(A1))>x}:| =F |:A1(1 + Al 1T1( 1))1{A1_1T1(A1)>m(17:v)—1}
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Recalling the law of A; and the fact that v™17") has same law as TU(})I /5, this is

OO —1/8 _—cBv~1/8 1)
C/O dvv e E |:<1+T 1/5>1{Tv(1)1/5>a:(1—x)1}:| ’

By [R5, Proposition 28.3], since T and T share the same Lévy measure on a neighborhood

of 0, TV admits a continuous density qf,l)(x), x > 0 for every v > 0. We thus can rewrite the

preceding quantity as

 dv _ g1 [ e ®dw _
7 B (1) _ o—cBw (1)
C/O ,Ul/ﬁe /z/(lm()l + u)qv—l/ﬁ (u)du - Cﬁ L/(lm?u(l + U) /(; ’IU'G Qw ( )

by Fubini’s theorem and the Change of variables w = v~8. The behav1or of this as z | 0 is the
same as that of cﬁJ( ) where J(z) = [ duj(u), and where j(u) = [ dw w‘ﬁe_cﬁwq( )(u).

Write J(x) = fo uw)du for z > 0, and consider the StleltJeS—Laplace transform j of J
evaluated at A>0:

T = /0 T e wdy = A /0 "1 = e (u)du

[oe) d [oe)

= )\_1/ —u;e_cﬁw/ dqu)(u)(l—e_)‘“)
0o W 0

— )\1/ d_’lgefcﬁw<1 . equ)(l)()\)>
0

w

where as above ®)()\) = cfol w1 YB(1 — e )du. Integrating by parts yields

N )\71 o0 d 1
IO = 57 [ e B+ a0 — o)

r'(2-p)
5-1

Is is easy by changing variables in the definition of ®®) that &M (\) ~ CAY/# as A\ — oo for
some C' > 0, so finally we obtain that J(\) ~ CA~/# as A — oo for some other C' > 0. Since
J is non-decreasing, Feller’s version of Karamata’s Tauberian theorem [0, Theorem 1.7.1°]
gives J(x) ~ Cx'/# as x | 0, and since J is monotone, the monotone convergence theorem [0,
Theorem 1.7.2b] gives J(z) ~ ~1Cz/%~' as z | 0, as wanted.

— ! ((eB+ @M (NP1 = ()" )
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