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COEXISTENCE IN TWO-TYPE FIRST-PASSAGE PERCOLATION
MODELS

OLIVIER GARET AND REGINE MARCHAND

ABSTRACT. We study the problem of coexistence in a two-type competition
model governed by first-passage percolation on Z® or on the infinite cluster in
Bernoulli percolation. Actually, we prove for a large class of ergodic station-
ary passage times that for distinct points z,y € Z%, there is a strictly positive
probability that {z € Z%;d(y, z) < d(z,2)} and {z € Z%;d(y, z) > d(z,z)} are
both infinite sets. We also show that there is a strictly positive probability
that the graph of time-minimizing path from the origin in first-passage per-
colation has at least two topological ends. This generalizes results obtained
by Héaggstrom and Pemantle for independent exponential times on the square
lattice.

1. INTRODUCTION

The two-type Richardson’s model was introduced by Haggstrom and Pemantle
in [E] as a simple competition model between two infections: on the cubic grid Z¢,
two distinct infections, type 1 and type 2, starting respectively from two distinct
sources s1, 5o € Z%, compete to invade the sites of the grid Z¢. Each one progresses
like a first-passage percolation process on Z?, governed by the same family (¢(e)).cga
of i.i.d. exponential random variables, indexed by the set E¢ of edges of Z%, but
the two infections interfere in the following way: once a site is infected by the type
i infection, it remains of type i forever and can not transmit the other infection.
This leads to two very different possible evolutions of the process:

e either one infection surrounds the other one, stops it and then goes on
infecting the remaining healthy sites as if it was alone,

e or the two infections grow mutually unboundedly, which is called coexis-
tence.

The probability that, given two distinct sources, coexistence occurs is of course
not full, and the relevant question is to determine whether coexistence occurs with
positive probability or not. Although this competition problem is interesting in
its own right, it is also a powerful tool to study the existence of two semi-infinite
geodesics (or topological ends) of the embedded spanning tree in the related first-
passage percolation model. Thus, Haggstrom and Pemantle proved that coexistence
for any two initial sources in the two-type Richardson’s model on Z?2 occurs with
positive probability, and consequently that in first-passage percolation on Z? with
i.i.d. exponential passage times on the edges, the probability that there exist at
least two topological ends in the embedded spanning tree is positive.
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Their results strongly rely on an interacting particle representation of the prob-
lem which is typical of the exponential passage times. The aim of this paper is
to extend these results to more general passage times, where this representation is
not available anymore or at least much less natural. We consider here stationary
ergodic first-passage percolation on Z¢, d > 2 (and also on an infinite cluster of
Bernoulli percolation), and prove that, for any two distinct sources, the probability
that coexistence occurs is strictly positive. As a consequence, we obtain that in the
related first-passage percolation on Z<¢, the probability that there exist at least two
topological ends in the embedded spanning tree is positive.

The structure of the proof is the following. First, the key step is to prove that
there exist two sources such that coexistence occurs, and this is the aim of Section 3.
Heuristically, the shape theorem of first-passage percolation, combined with the fact
that the two infections have the same speed, gives the intuition that the largest the
distance between the two sources is, the hardest it is for one infection to surround
the other one. More precisely, Theorem @ says that if d(x,y) denotes the travel
time between the sites x and y, then there exists a site x such that the event

e and the set of sites z such that d(0, z) < d(z, 2) is infinite,
e and the set of sites z such that d(0,z) > d(z, z) is infinite

has positive probability. The proof of this result relies on the existence of a direc-
tional asymptotic speed in the related first-passage percolation model.

The next step is to transfer the coexistence result for these sources to any two
initial sources; this is done by a modification argument of the configuration around
the sources using a finite energy property for the passage times. Roughly speak-
ing, this result expresses the fact that non-coexistence is due to a local advantage
obtained by one infection at the first moments of the competition. The two topo-
logical ends result is shown by a similar modification argument. These results are
proved separately in Section 4 for diffuse passage times and in Section 5 for integer
passage times.

The last section is finally devoted to the study of a probabilistic cellular automata
describing a discrete competition model between two infection types, related to the
chemical distance in super-critical Bernoulli percolation on Z¢.

We start now with a reminder of the result of existence of directional asymptotic
speeds in classical first-passage percolation, and an extension of this result to first-
passage percolation on an infinite Bernoulli cluster.

2. REMINDER ON THE DIRECTIONAL ASYMPTOTIC SPEED RESULTS

In classical first-passage percolation, one has the well-known directional asymp-
totic speed result: if (¢(e)).cge are i.i.d. non-negative integrable random variables,
then for every x € Z%, there exists p(x) > 0 such that a.s :

E
lim t(0, nx) — lim t(0, nx)

n—00 n n—0o0 n

= p().

This result has been extended in full details in a previous work of the authors [E]
to first-passage percolation on an infinite Bernoulli cluster. The aim of this section
is to introduce an adapted framework and to recall, without proofs, the results
needed in this paper.
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Grid structure of Z?. In the following, d > 2. We denote by Z? the graph whose
set of vertices is Z¢, and where we put a non-oriented edge between each pair {z,y}
of neighbor points in Z%, i.e. points whose Euclidean distance is equal to 1. This set
of edges is denoted by E4. A (simple) path is a sequence y = (x1,Z2,...,Tn, Tni1)
of distinct points such that z; and x;41 are neighbors and e; is the edge between
z; and z;1. The number n of edges in v is called the length of v and is denoted
by [7].

For any set X, and u € Z%, we define the translation operator 6, on X E by the
relation

Vwe X VeeE! (Ouw)e = Wyes

where u.e denotes the natural action of Z? on E?: if e = {a,b}, then u.e = {a +
u, b+ u}.

Assumptions and construction of first-passage percolation.
Denote by p.(d) the critical threshold for Bernoulli percolation on the edges E?
of Z%, and choose p € (pe,1]. On Qg = {0, I}Ed, consider the measure Pp:

on Qg = {0,1}%, B, = (p&; + (1 — p)do) ="

A point w in Qg is a random environment for first-passage percolation. An edge
e € E4 is said to be open in the environment w if w, = 1, and closed otherwise. A
path is said to be open in the environment w if all its edges are open in w. The
clusters of a environment w are the connected components of the graph induced
on Z¢ by the open edges in w. As p > p.(d), there almost surely exists one and
only one infinite cluster, denoted by Cy,. On Qg = (R+)Ed, consider a probability
measure S, such that:

on Qg = (RJF)]EEZ, S, is stationary and ergodic

with respect to the previously introduced family of translations of the grid. We
suppose moreover that S, satisfies integrability and dependence conditions:

(1) m = eSélEg /ne dS, (n) < 4o0.
d A
(2) da > 1, 4A, B > 0 such that VA C E¢, S, ZmZBlM SW.
ecA

For instance, if S, is the product measure V®Ed, assumption (E) follows from the
Marcinkiewicz-Zygmund inequality as soon as the passage time of an edge has a
moment of order strictly greater than 2 — see e.g. Theorem 3.7.8 in [§].

Our probability space will then be Q = Qg x Qg. A point in © will be denoted
(w,n), with w corresponding to the environment, and 7 assigning to each edge a
non-negative passage time which represents the time needed to cross the edge. The
final probability is:

on Q=0 xQs, P=P,XS,.

In the context of first-passage percolation, as we are interested in asymptotic
results concerning travel time from the origin to points that tend to infinity, it is
natural to condition IP, on the event that 0 is in the infinite cluster:

Py(.)=P,([0€Cx) and P=P,®S,.
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For B € B(Qg), with B C {0 < oo} and P,(B) > 0, we will also define the
probability measure Pz by

VO € BQ) Pp(c) = ¢ ”P(?Bj £s))

Examples. The previous assumptions of the generalized first-passage percolation
model include:
e The case of classical i.i.d. first-passage percolation: take p = 1, i.e. all the
edges of Z¢ are open, and S, = 1/®]Ed, where v is a probability measure on
R..
e The case of classical i.i.d. first-passage percolation, but allowing the passage
times to take the value oo with positive probability: take p.(d) < p < 1,
a probability measure v on R, and set S, = v@E" This is equivalent
to consider p = 1 and S, = 17®]Ed, where 7 is a probability measure on
Ry U {oo} that charges co with probability 1 — p.
e The case of stationary first-passage percolation, as considered by Boivin in
[ﬂ]: take p =1 and S, a stationary probability measure.

The travel time. The chemical distance D(z,y) between z and y in Z¢ only de-

pends on the Bernoulli percolation structure w and is defined as follows: D(z,y)(w) =
inf, |y|, where the infimum is taken on the set of paths whose extremities are z and

y and that are open in the environment w. It is of course only defined when x and

y are in the same percolation cluster, and represents then the minimal number of

open edges needed to link z and y in the environment w. Otherwise, we set by

convention D(z,y) = +oo.

For (w,n) € 2, and (z,y) € Z? x Z*, we define the travel time from z to y:

d(w,y)(w,n) = inf d(y) = inf 3 ne,
ecy

where the infimum is taken on the set of paths whose extremities are z and y
and that are open in the environment w. Of course d(z,y) = +oo if and only if
D(z,y) = +oo.

A path v from z to y which realizes the distance d(x,y) is called a finite geodesic.
An infinite path v = (2;)i>0 is called a semi-infinite geodesic if (xr, Trny1,...,Zp)
is a finite geodesic for every n < p.

Directional asymptotic speed results. In classical first-passage percolation, we
study, for each u € Z?\{0}, the travel time d(0,nu) as n goes to infinity. Here,
as all points in Z¢ are not necessarily accessible from 0, we must introduce the
following definitions:

Definition 2.1. For each u € Z\{0} and B € B(Qg), let
T (w) = inf{n > 1;0,,w € B},

define the associated random translation operator on ) = Qg x Qg

T5 (w T5 (w
OF (w,n) = (60 (), 60 “ ()

and the composed version Tfu(w) = 5 ((@B)kw) .
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Note that T'® only depends on the environment w, and not on the passage times
7, whereas the operator ©F acts on the whole configuration (w,n). The next step
is to study the asymptotic behavior of such quantities:

Lemma 2.2. 08 js q P-preserving transformation, is ergodic for P and

1 Ty R
E-TB = and —= — —— P a.s.
: Pp(B) n Py(B)
Proof. The idea is to prove that classical ergodic theorems can be applied. (I

We turn now to the study of the quantity analogous to d(0,nu) in the classical
first-passage percolation:

Lemma 2.3. Let B € B(Qg), with B C {0 «> oo} and P,(B) > 0. Foru € Z*\{0},
there exists a constant ff >0 such that

d (0, T,fu(w)u) (w,n)

n

— fB Py as.

The convergence also holds in L*(Pg). Moreover, f2 <E g d(0,T,Pu) < 4oc.

Proof. These results are proved with full details when B = {0 <> oo} in [{]. Since
the proof is essentially the same, we omit it. (I

Now, for each u € Z4\{0}, we define the asymptotic speed in the direction u by
() =Pp(0 < 00) £
for the choice A = {0 <> co}. We also define p(0) = 0.

Corollary 2.4. Let B € B(Qg), with B C {0 < oo} and P,(B) > 0. Foru €
7Z4\{0}, we have:

dO, (Tou@wwm) plw) 5
" ]PP(B) B G.S.
d(0, (T,7, (w)u) (w, n)

5, @) —  u(u) Ppg as.

d(0,T? do,7
Proof. We use the fact that <M) , as a subsequence of (M) ,
e n>0 o n>0

admits the same almost sure limit z(x), and the lemma P.3. O

In [H], it has been proved that p enjoys the properties that are usual in classical
ii.d. first-passage percolation: g is a semi-norm. In classical i.i.d. first-passage
percolation with passage time law v, it is well-known that p is a norm as soon as
v(0) < po(d). In [F], we gave a long discussion about conditions on S, implying
that p is a norm. Particularly, if S, is a product measure Z/®Zd, [ is a norm as soon
as pr(0) < pe(d).
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3. COEXISTENCE RESULT

Consider the first-passage percolation model on Z¢ previously introduced. For
every pair = and y of distinct points in Z9, say that the event Coex(x,y) happens
if

{z € Z%d(z,2) <d(y,2)} and {z € 2% d(z,2) > d(y, 2)}
are both infinite sets.

The goal of the paper is to prove that for every pair of distinct points z,y €
74, P(Coex(z,y)) > 0. Our proofs always require the assumption that p is not
identically null and we guess that this assumption is close to be optimal. Let us
detail a particular case where 1 = 0 and coexistence never occurs. Suppose that
d=2andS, = v®E" with pr(0) > p.(2) = 4. In this case, p is identically null, as
previously noted. Consider two distinct points x,y € Z2. Since pv(0) > p.(2), there
almost surely exists an infinite cluster of open edges with passage time zero. It is
known that in dimension 2, the supercritical infinite cluster almost surely contains
a circuit that surrounds 2 and y and disconnects them from infinity — see Harris [fj]
or for instance Grimmett’s book [@] Clearly, the points in this circuit are equally
d-distant from x (resp. y). So, if x reaches the circuit before y, it necessarily also
reaches every point outside the circuit before y. Similarly, if * and y reach the
circuit at the same time, all the points outside the circuit will also be reached at
the same time by  and y. In both cases, coexistence does not occur.

The next theorem gives conditions that ensures that coexistence possibly occurs
for some (random) z,y.

Theorem 3.1. Let d > 2, p > p.(d), S, a stationary ergodic probability measure
on (R+)Ed satisfying (1) and (@), and p be the related semi-norm describing the

directional asymptotic speeds.
Let B € B(Qg), with B C {0 +» 0o} and P,(B) >0, and y € Z¢. We have:

2u(y)
P,(B)

Moreover, if x € Z% is such that u(x) > 0, then y = rx satisfies to the previous
condition provided that r is large enough.

if E d(O,Tfyy) < , then @B(Coem(O,Tfyy)) > 0.

Note that when p = 1, which corresponds to classical first-passage percolation,
we can take B = Qp, and then Tfyy is simply equal to y.

Before beginning the proof, we want to describe an elementary and clever trick
used by Pemantle and Haggstrom in [E] that will also be useful here. Consider

figure E The left picture deals with our problem: if we prove that when M,, goes

M, I, JIn

FI1GURE 1. The symmetry argument

to the infinity on the right (resp. on the left), then M, is infinitely often closer
(resp. more distant) from B than from A with a probability strictly larger than
0.5, then coexistence holds with positive probability.
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Now consider the right picture: for fixed n, (d(0, J,,),d(0, I,,)) has the same law
that (d(A, M,,),d(B, M,)), so the event {d(0, J,,) > d(0, I,)} occurs with the same
probability as the event {d(A, M,,) > d(B, My)}. So, if we show that P(d(0, J,,) >
d(0,1,)) > 1/2 for infinitely many n, the result is proved.

As Héiggstrom and Pemantle said, the idea is that there are sites arbitrarily far
away from the origin which strongly feel from which source the infection is coming.
Their modus operandsi, in the case of i.i.d. exponentials on Z?, was to control the
infection rate “from the right to the left” and the infection rate “from the left to the
right”. The main idea of the proof which follows is that the advantage of the closest
source can be quantified using the existence of a directional asymptotic speed in
first-passage percolation. Concretely, we will use the law of d(A, M,,) — d(B, M)
(in fact, the law of d(0, J,,) — d(0, I,,)) instead of those of {d(A, M,,) > d(B, M)}
(or {d(0, J,) > d(0, I,)}) to carry the information.

Proof. (Theorem [3.]) Choose y € Z4\{0} such that

B 2u(y)
(3) E d(0,TF,y) < P 5)"

Let us note

So = [ |\E {d(0,2) < d(Ty, 2) < +o0},
z||1—+o0

S = n Hm {+00 > d(0,2) > d(TE,y, 2)}.
z||1——+o0

It is obvious that Coex(O,Tfyy) = So N Sy. Intuitively, one expects that the
difference between d(0, z) and d(Tfyy,z) will be more important if z € Ry, and

we will effectively consider such z. For the convenience of the reader, we also note,
for n € Zy and x € 24, T,, , = TP . Define Ty, = 0, and for n > 0,

Xn = d(Oanyy) - d(TLvanyy)a
sz = d(TI,vanﬁy) - d(Oanﬁy)-
By triangular inequality, one has | X,,| < d(0,T},,) and |X/,| < d(0, T} ).
Note that for w ¢ Sp, X,(w) < 0 as soon as n is large enough, whereas for
w € S1, X! (w) <0 for large n. It follows that for w ¢ SoN Sy, Xp(w)+ X _1(w) <
d(0, Ty ,)(w) for large n. Let us define

Q, = Z(Xk + X)), Zn= On and Z= Tim Zn.
n n—-4o0o
k=1
The previous remark implies easily that
(4) Vw ¢ SoNSt Z(w) <d(0,Th,)(w).
By lemma E, d(0, Tl,y) is integrable under Pg. Since |Z,| < d(0, Tl,y), it follows
(for instance by Fatou’s lemma) that

Ez Z=E Tm Z,> Tm Egz, Zn.

n—-+4oo n——+oo



8 OLIVIER GARET AND REGINE MARCHAND

Since d(T1.y, Tny) = d(0,Tn_1,) 0 ©F it follows from the invariance of Py under

B v
O, that
Ep X, = E (d(o,Tn,y) - d(Tl,y,Tn,y))
= E3,d0,T,) —Ez,d0,Th1,)
Then, it follows that E 5 (X1 + X2 +--- + X;,) = E @Bd(O,Tn,y). Similarly, as
d(Tl,y; Tn,fy) = d((), Tn+1,fy) © 657
Ep, X = (Ep,dTiyTny)—d0,To-y))
= Ep,d0,Th1,—y) —E5,d0,T, ),

andE 5 (X{+X{+--+ X, ) =E3,d0,T,_,) =Eg,d(0,T,,), using for the
last equality the fact that Pp is invariant under (©F)" and the fact that a distance

is symmetric.

2F 5 d(0,Th,, . . E 5 d(0,Th,y
Then, E 5,2, = % Since, via Corollary @, % converges
to P‘; (('713)), it follows that
2p1(y)
5 Es Z> .
®) =7 2 B,(8)

Putting together (), () and (), we see that P5(SoNS;) = 0 — or equivalently
P5((So N S1)¢) = 1 — would yield to a contradiction. This concludes the proof of
the first assertion.

The second assertion is a direct consequence of Corollary @ O

One can be a bit perplexed by the fact that the position of the source which may
coexist with a source at the origin is a random variable. The goal of the next result
is to come back to deterministic sources. Intuitively, one can guess that the larger
the distance between the two sources is, the higher the probability of coexistence
will be. This is the spirit of the next result.

Theorem 3.2. Under the same assumptions as in Theorem @, suppose moreover
that i is not identically null. Then, we have:

o For x € 7% with u(x) # 0, there is an infinite set of odd values for n € 7.
such that P(Coex(0,nz)) > 0.
o P(3z,y € Z%, Coex(x,y)) = 1.

Let us say a word on the unexpected apparition of odd integers. Of course, the
result would be the same with the set of integers and generally, this additional
constraint does not bring much. Nevertheless, one will see later that, in the compe-
tition context, this additional property sometimes prevents the two infections from
reaching a point at the very same time; it will also plays a fundamental role in the
proof of Theorem @

Proof. Let x € Z% be such that yu(r) > 0 and N € Z,. Let A = {0 <> oo} and
B =AN{T#, is odd}. We have, from the FKG inequalities,

@p(B) = PH(sz =1)= @p(_x < 00) 2 Pp(—z < 00) > 0.
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B
By lemma P.3 and Theorem P.4], w tends to # (92),

B —
integer r > N with = d(o’j;l”m) < ;“((;)). By Theorem B.1], one has P(SoN.Sy) > 0.

By its definition, Tfm almost surely takes its values in the set of non-negative
odd integers. Then, we can write

@B(SO N Sl) = Z @B(SO NS N {TENG = k})
k odd

Then, there exists an odd integer k € Z, with Pg(So N S1 N{T,, = k}) > 0. So,
if we note n = kr, we have n > r > N, n is odd and

P(Coex(0,nz)) > Po(B)P5(So N S1 N{TL,, = k}) > 0.

so we can find an odd

The second point is a consequence of the ergodicity assumption. (I

4. MUTUAL UNBOUNDED GROWTH AND EXISTENCE OF TWO DISJOINT
GEODESICS FOR DIFFUSE PASSAGE TIMES

The aim of this section is to prove the possibility of coexistence in general
two-type first-passage percolation, and to study the existence of two semi-infinite
geodesics in the corresponding spanning tree.

We first give our assumptions on the law of the passage times S, and define the
two-type competition model.

Assumptions. We consider first-passage percolation on Z?, with d > 2. The open
edges are given by a realization of a Bernoulli percolation on the edges E¢ of Z¢
with parameter p € (p.(d), 1]:

on Qg = {0,1}*, P, = (pd1 + (1 — p)30)**".
The passage times of the edges are given by a probability measure S,:
on lg = (R+)Ed, S, is stationary and ergodic.

Finally, we consider the product measure P =P, ® S, on g x 5. We also need
two distinct initial sources s1, so in Z¢.

Lemma 4.1. If x € Z% is such that d(s1,2) < d(s2,x) then for every y in an
optimal path realizing d(s1,x), we have d(s1,y) < d(s2,y).

Proof. Denote by ~(s1,2) an optimal path from s; to x, and suppose that there
exists y € v(s1,x) such that d(s2,y) < d(s1,y). Then, by triangular inequality,

d(s2,z) < d(s2,y) +d(y,x) < d(s1,y) + d(y, )

but as y € y(s1,x), d(s1,2) = d(s1,y) + d(y, ) and then d(sq2,x) < d(s1,x), which
is a contradiction. O

This allows us to define the following two-type first-passage percolation model.
Definition 4.2. Under the previous assumptions, we set:
Ay ={z ez d(sy,x) <d(s2,2)}, and Ay = {x € Z d(sq,x) < d(s1,2)}.

A; is the set of sites in 7% that are finally infected by type i infection. The time
of infection of x € Z% is t(z) = inf{d(s;,z),1 < i < 2}. We say that x is finally
infected if t(x) < 0.
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Note that the set of finally infected points could be larger than the union of Ay
and As: we can not a priori exclude that a point x could be reached simultaneously
by the two infections, in which case we call it an infected point without defining an
infection type.

We say that the two infections mutually grow unboundedly if the two sets A1 and
Ao are both infinite.

Thanks to lemma @, the mutual unbounded growth of a two-type first-passage
percolation starting from si, s2 is equal to the event Coex(si,s2) defined in sec-
tion 3. Note also that A; and As are connected sets, and if they are infinite, by
a classical compactness argument, one can find, from each x € A;, a semi-infinite
geodesic which is completely in A;.

We add in this section assumptions that will ensure the uniqueness of optimal
paths in first-passage percolation under P, ®S,,. If A is a finite subset of E¢, denote
by Fac the o-algebra generated by {(we,ne), e ¢ A}. We suppose

(6) VA finite subset of E?,Ve € A,Ya € Ry, S, (7. = a|Fac) = 0.

Lemma 4.3. Under the additional assumption (@), we have:

i. If v and ' are paths that differ at least from one edge, then

Pldy)=> n=d0)=Y n<oc|=0

ecy ecy’

ii. For every x and y in Z%, the travel time d(z,vy), when it is finite, is a.s.
realized by a unique path.

iii. For every o € R, if x, ', y,1y are distinct points in Z<,
P(d(z,y) —d(z',y') = a) = 0.

iv. If 15122 d(s;, ) is finite, it is realized by a unique source s;.

Proof. These are classical and not too difficult consequences of assumption ({). O

Now, if ¢(z) < oo, then z is reached first by a unique infection; the path of
infection (z) is the unique path from the corresponding source to x that realizes
t(x). The set of eventually infected points is in this case the union of A; and As.
In other words, we can define uniquely, for each eventually infected point, its type
of infection and its optimal path.

The union of (7(¥))zez4 +(z)<oo 13 then a random forest of two trees T'(s1) and
T'(s2), respectively rooted at s; and so and respectively spanning A; and As.

The next theorem ensures the irrelevance of the positions of the two initial sources
in determining whether mutual unbounded growth occurs with positive probability
or not. Its proof is based on a modification of the configuration around the sources,
sufficiently strong to change the initial sources, and sufficiently slight to ensure that
some geodesics are not modified outside a finite box.

Lemma 4.4. Consider Z¢, with d > 2 and p € (p.(d),1]. Choose a stationary
ergodic probability measure S, on Qg = (R+)Ed satisfying to the mon-atomic as-
sumption (@) and to:

(7) VA finite subset of B¢, Ve € A, Ve > 0, Su(ne < e|Fac) >0 a.s.
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If p =1, we add the assumption that the support of the passage time is conditionally
unbounded:

() VA finite subset of %, Ye € A,YM >0, S,(n. > M|Fac) >0 a.s.
Then if s1, 82 and s}, sy are two pairs of distinct points in 72,
P(Coex(s1,s2)) > 0 < P(Coea(s}, s5)) > 0.

Let us comment the two assumptions @) and (E) They have the form of finite
energy properties, which are usual in modification arguments: it enables to force
the occurrence of a wished event inside a finite box. But they also enable the
passage time of an edge to take as small — and as large when p = 1 — values as
we like. This is rather a technical assumption that could probably be relaxed. For
instance, assumptions (ﬂ) and (H) are satisfied for S, = v®E* with v is equivalent
to Lebesgue’s measure on R .

The next result says that the mutual unbounded growth in the two-type first-
passage percolation model and the existence of two distinct semi-infinite geodesics
in the embedded spanning tree in the corresponding first-passage percolation model
are equivalent.

Lemma 4.5. Under the same assumptions as in Theorem ,

Js1, 89 € Z¢ such that P(Coex(sy, s2)) > 0
o P there exist two edge-disjoint semi-infinite geodesics >0
in the infection tree rooted in 0 '

Combining these results with Theorem @, we obtain:

Theorem 4.6. Consider Z¢, with d > 2 and p € (p.(d),1]. Choose a stationary
ergodic probability measure S, on Qg = (R+)Ed satisfying to the integrability as-
sumptions (ﬂ), (@) and such that the related semi-norm p describing the directional
asymptotic speeds is not identically null.
Suppose moreover that S, satisfies to the non-atomic assumption

VA finite subset of E¢,Ye € A,Va € Ry, S,(n. = a|Fac) =0,
and to the finite energy property

VA finite subset of E¢, Ve € A, Ve > 0, Su(ne < e|Fac) > 0 a.s.

If p =1, we add the assumption that the support of the passage time is conditionally
unbounded:

VA finite subset of E?,Ve € A,YM > 0, Su(ne > M|Fae) >0 a.s.

Then,
1. Vx #y € 7%, P(Coex(x,y)) > 0.

there exist two edge-disjoint semi-infinite geodesics
2. P . ) . A > 0.
in the infection tree rooted in 0

Examples. 1. Consider first-passage percolation on Z%, d > 2, with a family
(t(e))ecge of i.i.d. non negative random variables with a non-atomic unbounded
support containing 0, for instance an exponential law as in Richardson’s model.
Then

e For the two-type competition model, the probability of mutual unbounded
growth is positive for every pair of distinct sources in Z¢.
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e For the first-passage percolation model with one source, the probability that
the embedded spanning tree of Z¢ has two edge-disjoint infinite branches is
positive.

These results were proved by Haggstrom and Pemantle in the pioneer work [E] for
Richardson’s model in dimension 2. Our results positively answer to the questions
asked by Haggstrom and Pemantle about extensions of their coexistence result to
higher dimensions and more general distributions for passage times.

2. Consider first-passage percolation on Z4¢, d > 2, with a family (¢(e)).cge of
ii.d. non negative random variables whose law has no atom excepted in oo (i.e.
edges can be closed with positive probability) and has 0 in its support, for instance
t ~pUp) + (1 = p).0so, with pe(d) < p < 1. Then

e For the two-type competition model, the probability of mutual unbounded
growth is positive for every pair of distinct sources in Z9.

e For the first-passage percolation model with one source, the spanning tree of
the infinite open cluster has two edge-disjoint infinite branches with positive
probability.

Remarks. We evoke here some possible extensions of these results.

1. In the spirit of Deijfen and Haggstrom’s work [ﬁ}, we could have considered
competition models with fertile finite sets as initial sources rather than points. As
the argument is a local modification argument around the sources, our proof can
be adapted to generalize the irrelevance of the initial sources result: if S7,Ss and

1,85 are two pairs of fertile finite sets in Z<,

P(Coex(S1,S2)) > 0 ¢ P(Coex(S7,S3)) > 0.

2. Let us say a word on multitype first-passage percolation. The definitions
concerning the two-type first-passage percolation can be generalized in the obvious
manner to consider a competition model between N infections starting from N
sources sp, 82, ..., sy and trying to invade the sites of Z¢. In this context, the event
Coex(s1, $2,...,8n) is defined as the event that there finally exist an infinite set
of infected points of each type of infection. Theorems @ and @ can be proved
in the same manner for N-type first-passage percolation. The only difficulty is to
ensure that the considered initial sources si, so, ..., sy are susceptible to give rise
to a coexistence configuration: this means initial sources s1, 2, ..., sy for which it
is possible to find a family of N infinite paths (I';)1<;<n such that for every i, I';
starts from s; and such that any two of these paths have no point in common.

Unfortunately, the coexistence result Theorem @ is not available for N sources,
as it relies on Theorem @, which is only valid for two sources, and whose proof
doesn’t seem to be easy to adapt to more sources.

We can now begin the proofs of these results. As the arguments of lemmas Q
and @ are very similar, we give the proof of lemma @ in full details, and give
only indications to adapt the proof for the geodesics problem.

Proof. (lemma ) Choose s1, 52 and s}, s, two pairs of distinct points in Z? and
denote by A an hypercubic box in Z? large enough to contain s, sy and s}, s5. We
also define OA = {z € A, Jy ¢ A, ||z —y|l; = 1}.

By enlarging A if necessary, we can assume that si,s2,s],s) are at a dis-
tance at least 3 from OA. For an edge e € EY, we say that e € A if and only
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if its two extremities are in A and at least one is not in dA. For a point (w,n) in
Q= Qp x Qg = {0, 1}E" x (Ry)E",

(WAﬂ?A) = {(weane)ae € A} and (WACaUAC) = {(We;ne)ae € Ed\A}

For two point z,y that are in A°UJA, we define dp<(z,y)(w) as the infimum, among
all the paths v from x to y whose edges are not in A, of 2667 7Ne, and, when this
quantity is finite, yac(z,y) is the only path that realizes this infimum.

Suppose that P(Coex(s1, s2)) > 0. This is equivalent to say that

P T'(s1) contains a infinite branch I'y starting from sy, -0
T'(s2) contains a infinite branch I'y starting from ss. ’

Remember that the box A has been chosen large enough to contain s1, s2, so there
exists on I'y (resp. I'z) a last point r; (resp. r2) to be in OA. As JA is finite, there
must exist two distinct points 71,72 € A such that:

T(s1) contains a infinite branch T'y starting from s;
and whose last point in OA is 71,

T'(s2) contains a infinite branch 'y starting from so
and whose last point in OA is ra.

9) P > 0.

Now, we must introduce the following events:

o, = { There is a simple path (x )l>11 in A° suclh that1 ||z - rifh =1 } 7
and Vi > 1 ’YAC(Tl, 3= (r, a1, i, x)).

c, — { There is a simple path (z%);>1 in A such that [[z3 — 5[y =1 }
and Vj > 17'YAC(7’2; ?) = (r2, 2%, ..., ? 1 ?) ’

A; = dac(z],r1) +d(r1,s1) < dpe(a),re) +d(r2,s2)},

A? = {dae(27,r2) +d(ra, 59) < dpe(xF,r1) +d(r1, 1)}

Let us prove that () implies:

(10) PlCinCan(Ain ()43 ] >o.

i>1 §>1

Indeed, suppose that the event in (f]) is realized. Then the portion (z!)i> of I'y
after r1 is a good candidate for Cy. As I’y is a branch of the infection tree T'(s1),
one has Vi > 1,v(ry,x}) = (r1, 2}, ...,z 1, z}), which is stronger than the assertion
needed for C;. Next, as rq is in 1"1, for every i > 1 we know that ry is a point of
v(s1,7}), and the fact that x} is in T'(s1) implies that

d(Sl,T1)+d(T1, -)—d(sl, ) <d(82, ) <d(82,T2)+d(T2, )

As 71 (resp. 12) is the last point of 'y (resp. T's) to be in A, we have d(ry,z}) =
dac(ri,z}) (resp. d(ra,xl) = dpe(re,z})), and thus A} is realized. Doing the
same for Cy and A?, we see that the event that appears in (E) is included in
CiNCy N5y Af NN, A7, and thus (L) is proved.
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o1 o]
1 )i

FIGURE 2. Modification of the infection trees. On the left, compe-
tition with two sources s1 (black triangle) and so (white triangle):
the box B is in grey, the squares are the exiting points of the
branches from A (black for r1 and white for r3) and the circles
are the visible portions of the infinite branches outside A (black
for x1,23,...,2 and white for %,...,22). On the right, the con-
figuration outside A has not changed, but we forced the branches
to follow ~1 (in black) and ~4 (dashed) and thus we changed the

sources into s}, sb.

Now, as C7 and Cs are in Fpc, conditioning on Fpe gives:

PlCinCyn (AN () A4

i>1 j>1

= /dP(w/\can/\c)'lcl (wACanAC)'lcQ(wAC777AC)'P (wﬂ?) € ﬂ Azl n m A? Fe

i>1 j>1

where we can also write:

(11) P (wn) e )AIn[)A4] Fa

i>1 j>1

_p Vi > 1, dae(xl,m1) — dae(xl,m2) < d(re,s2) —d(r1,s1) F s
B Vi >1, d(re, s2) —d(r,s1) < dAc(ac?,rl) — dAc(x?,rg) Ac e

Define
my = mi(@ae,ae) = sup(dae (z;,m) — dae (a7, 72))
i>1
ma = ma(wpe,Mac) = inf(dae (z?,rl) - dAc(ZE?,TQ)).

j=1
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Now, we have

(12) P C’lﬁCfgﬂﬂA%ﬂﬂA?ﬁ{m1<m2} > 0.

i>1 i>1

Indeed, thanks to ([L]) and to lemma [£.3.ii,

P ﬂA%ﬂ ﬂA?ﬁ{ml > mo}| Fac | =P (d(re, s2) —d(r1,81) = m1| Fac) =0 a.s.

i>1 i>1

and then the probabilities in ([[4) and in (E) are equal. It is also easy to see, if
mi(wae, Nae) < ma(wae,Nac), that we can find aq, ag,b1,be2 € Ry such that

bimy < bgmg, aomo < aimsy, by —a1 = 1, and by —as = 1.

Define also
M = M(UJAC,T]AC) = max {alml,bgmg}
+ max  {dae(r,2)}+  max  {dae(rz, 2)}
dpc(r1,2)<oco dpc(ra,z)<oco

Now, we build a set G = G(wac,nac) of good configurations (wa,7na) inside A,
depending on the configuration outside A. First, since A has been chosen large
enough, it is possible to draw with the edges in A, a path ] that links s} to
and a path ~4 that links sj to 79 such that v and +5 have no vertex and no edge
in common. Denote by |v{] (resp. |v4]) the number of edges in v] (resp. ~5). We
define now G as the set of (wa,na) that satisfy the following conditions:
i. Veeny), we=1 and asma/|[Vi| < ne < armi/|v],
ii. Ve €79h, we=1 and bymyi/|74| < ne < bama/|75],
ili. e if p <1, then Ve € A\(y{ U~,), we=0.
e if p =1, then Ve € A\(v1 U~%), 1e > M.
Under the finite energy assumptions (f]) and (§), on the event {m; < ma}, we
have P(G(wpc,nac)|Fac) >0 a.s., so (@) implies

(13)/ 101.102.1{m1<m2}.P (G|]:Ac)d]P) = P(Cl NCsN {m1 < mg} N G) > 0.

Let us prove now that on the event C1 N Cy N {m1 < ma} N G, each of the two
infection trees T'(s}) and T'(s) contains one infinite branch, or in other words

CiNCyn{mi <ma} NG C Coex(s], sh).

Suppose then that (w,n) € C1NCaN{mi < ma}NG. We have, in the configuration
(w,m):

e aymy < d(7y) < aymy thanks to condition i. in the definition of G.

e bymy < d(4) < bams thanks to condition ii. in the definition of G.

e Thus, by difference and by the choice of ay, b1, as, by, we have

mi = ml(bl — (11) < d(’yé) — d(’yi) < mQ(bQ — ag) = Mao.

Moreover, as soon as a path v from s; to r; differs from ~{ by at least one edge, it
must use an edge e in A\ (y;U~5), and this edge is either closed or such that n, > M
thanks to condition iii. in the definition of G. Thus d(vy) > M > a1mi > d(v}).
Then, v{ is the optimal path from s{ to r;. On the other hand, every path
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from s, to r; has to use an edge e in A\(y] U~3%), and then by the same argument
d(y) > M > aymq > d(+1), and then d(sh,r1) > d(s},r1). Consequently,

r € T(s)) and ~; CT(s}) and d(s},r1)=d(7}).
In the same manner,
ro € T(sh) and ~5 C T(sy) and d(sh,re) = d(73).

Let us prove now that the path (x});>1, given by C1, is an infinite branch of T(s}).
Let i > 1, and let v be a path from s} to } that doesn’t exit from A in r; but in
z # rq. If 4 is the minimal path from s} to z}, we must have

d(sllale) = d(W) = d(sllaz) + dAC(vazl) < d(sllarl) + d/\c(rlax%)
and then  d(s},2) < d(r1,8)) +dae(r1,2;}) — dae (2, 27) < d(r1, 8)) + dae(r1, 2).

The last inequality is just the triangular inequality for dp.. But the path v must
then contain at least one edge e in A\ (v} U~%), and so such that n, > M or w, = 0,
and then by definition of M, we must have

d(sh,z) > M > aymy + dpac(r1,2) > d(r1,81) + dac(r1, 2),

which contradicts the previous inequality. Thus, the portion of the branch between
st and z} that is in A exits A in r1: it is exactly 7;. It remains to see that the
part of the branch from s} to x; that is not in A is exactly (r1, 21, ..., z;—1,2;). But
this condition is always satisfied in the event C;. Thus the path (z});>1, given by
C1, is an infinite branch of T'(s}), and in the same manner, the path (z7);>1, given
by Cs, is an infinite branch of T'(s5). We have thus proved the desired inclusion
CiNCan{mi <mae} NG C Coex(s], sb).

Now, (|LJ) ensures that P(Coex(s}, s5)) > 0, which ends the proof. O

Proof. (Theorem [4.4). To prove the direct implication, the proof is the same with
s} = s, = 0. The only difference is to take the two paths v;,7% rooted both in 0,
with no other point in common and with no edge in common.

The converse implication can also be proved by an analogous modification argu-
ment. O

5. MUTUAL UNBOUNDED GROWTH AND EXISTENCE OF TWO DISTINCT
GEODESICS FOR INTEGER PASSAGE TIMES

In the previous section, the law of the passage time of an edge was supposed
to admit no atom, and thus the minimal paths were unique. However, as seen in
definition @, it is still possible to define a two-type competition model. Choose
two distinct sources s, 59 € 7. We define exactly as previously the sets:

Ay ={z € 2% d(s1,z) < d(sa,x)}, and Ay = {x € Z%, d(s2,x) < d(s1,2)},

and say that coexistence occurs, event denoted by Coex(si, s2), if these two sets
are infinite.

As in the preceding section, the geodesics inside A; and Ao will be useful to
obtain configurations that allow to prove the irrelevance of the initial sources in
determining whether coexistence happens with positive probability or not.
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Assumptions. We consider first-passage percolation on Z?, with d > 2. The open
edges are given by a realization of a Bernoulli percolation on the edges E¢ of Z¢
with parameter p € (p.(d), 1]:

on Qp = {0,1}*, P, = (pd1 + (1 — p)30)**".
The passage times of the edges are given by a probability measure S, :
on Qg = (R+)Ed, S, is stationary and ergodic.

Finally, we consider the product measure P = P, ® S, on g x {}g. We say that
S, satisfies condition (Hy) if

A

(Hy) 3A,B > 0such that VA C E4, S, (77 € Qs; Zm > B|A|> < W
e€A

Note that condition (f) was exactly: there exists o > 1 such that (H,) holds. In
order to have the coexistence result (Theorem @), we suppose moreover that S,

satisfies conditions (f[) and (H,) for some a > 1.

Theorem 5.1. Let us suppose that S, satisfies the previous general assumptions,
and assume moreover that:

1. The related semi-norm p describing the directional asymptotic speeds is not
identically null.

2. S, is “discrete”: there exists a subset S of Z4 such that SU(SEd) =1

3. S, satisfies the following finite energy property: for each finite subset A of E¢
and each ey € S™, we have

Su(wa = ealFac) >0 S, a.s.

4. If p=1, we add the assumption: S is unbounded.
5. Some stronger integrability is assumed: suppose that one of the three following
conditions is fulfilled

e (H,) holds for some a > d? + 2d — 1.

o p =1 and the passage times of bonds have a moment of order o > d.

e p=1,S, is a product measure and the passage times of bonds have a second
moment.

Then, for each pair si, se of distinct sources in 7%, P(Coea(s1, s2)) > 0.
Moreover,

there exists two disjoint semi-infinite geodesics <0
starting from O for the random distance d '

The last integrability condition is the only one that is specific to the discrete
case: in the diffuse case of the previous section, we could give to a given edge an
arbitrary small value thanks to @), and there was no need to control the length of an
optimal path. Here, as passage times are integers, we need a stronger integrability
assumption that helps to control these paths. The second moment assumption
is classical in i.i.d. first-passage percolation to ensure the shape theorem —see the
reference article [ff] lemma 3.5; the (H,) assumption with o > d is the one used by
Boivin in [EI] for the shape theorem in stationary first-passage percolation. Finally,
the (H,) assumption with o > d? 4+ 2d — 1 is the one we use in [[J lemma 3.7 to
obtain the shape theorem when the edges can be closed. Note that, if S, is the

QRFE

product measure v d, assumption (H,) follows from the Marcinkiewicz-Zygmund
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inequality as soon as the passage time of an edge has a moment of order strictly
greater than 2a.
In any case, we obtain the following estimate:

Lemma 5.2. There exists K1 > 0 such that for every a € Z¢, we can construct a
random integer M (a) < +oo such that

a < 00 and y < oo and |jylly = M(a) = d(a,y) < K1yl

Examples.

e Takep<landS, = 1/®]Ed, where the support of v is a finite subset of Z7 .
As a special case, v = §; gives the classical chemical distance on a Bernoulli
percolation cluster:

Corollary 5.3 (Geodesics on a Bernoulli cluster). For each p > p., consider
Bernoulli percolation with parameter p. Then, there almost surely exists a
point of the infinite cluster from which we can draw two disjoint semi-infinite
geodesics.

Proof. The considered event is translation-invariant, so its probability is
d
null or full. By Theorem @ with S, = 6?3‘: , it can not be null. ([

e Consider a Poisson point process on R? with an intensity proportional to
Lebesgue’s measure. Let o € Z% and define the passage time 7. by 7. =
1+ an., where n, is the number of obstacles around e, i.e. the number of
points of the Poisson process which are closer from e than from any other
edge.

We can now begin the proof of Theorem @

Proof. (Coezistence result). The goal is to prove that for each pair s1, so of distinct
sources in Z%, P(Coex(s1, s2)) > 0.

By translation invariance, we can suppose s; € Z%\{0} and sy = 0. Since pu is
not identically null, we can find € Z? such that ||s;||; and ||z||; have the same
parity and such that p(z) # 0. Thanks to Theorem , we can consider an odd
integer ng such that P(Coex(0,nox)) > 0. Note 8§ = ngz. We are going to prove
that P(Coex(0, s1)) > 0.

Take K; > 0 and M (0) and M (s}) as defined in lemma .9 Since

lim P{M(0) <n}Nn{M(s}) <n}nCoex(0,s])) = P(Coex(0,s))) >0,

n—-+oo

we can find an integer R; such that
P({M(0) < Ri} N{M(s}) < R} N Coex(0,s})) > 0.

Let A = {z € Z%|z|1 < R}, for a large integer R whose exact value will be
fixed later. The idea is then to show that every configuration (w,n) in the event
A={M0) < R} N{M(s]) < R1} N Coex(0, s]) can be modified inside the ball
A to get a configuration (w’, ') where Coex(0, s1) holds. A classical finite energy
argument concludes the proof: at first, note that P = P, ® S,, also enjoys the finite
energy property. Now if B is a subset of {2 such that there exists a map f: A — B
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with f(z)pe = xpc for each © € A, then P(B) > 0, because

P(B) = /QP(Bmcx:c) dP(z)
> [ BEIF)E) BE)
> /A P({f(2)}| Fac) (x) dP(z)
> 0.

Let us explain now the modification inside A. In the following, we will assume
without loss of generality that the greatest common divisor of the elements of S is
1. By the lemma of Bezout, we can find a finite family of integers ay and si, with
s, € S, such that ), arsp = 1. Note

St ={k e S;a, > 0}, S_={k e S;a, <0},

1 = Zkes+ Qs Co =3 pes_(—ar),

b1 = smallest odd element of S, by = smallest even element of S,
C = maX(C’l, 02), B = max(bl, bg)

By convention, if S only contains odd integers, we set by = b; and B = 0.
The next lemma is a geometrical result, and we omit its proof because it is rather
tedious and not particularly illuminating:

Lemma 5.4. Let us consider two fived points ag,a; € Z< (not necessarily distinct)
and two non-negative numbers D and K. Let us note A,, = {x € Z¢; ||z|; < n}.

There exists k = k(ag, a1, D, K) < 400 such that the following holds as soon as
n>kK:

For each distinct mo,m1 € Z% with ||ro|l1 = ||r1||1 = n and each integer | which has
the same parity than ||ap — a1]|1 and satisfies to |l| < Kn+ D , one can construct
inside A, two simple paths vy from ag to ro and v1 from ay to r1 with no common
point (but maybe ag if ag = a1) and such that:

Yol > Kn+ D, |y > Kn+D, |y|—|nl=L
We can now define the radius
R:maX(K(O,Sl,B,ch),||S/1||1+2,R1)

and define A = Ag. Consider a semi-infinite geodesic starting from 0 (resp. s}) and
define by ro (resp. 1) the last point of this semi-infinite geodesic which belongs to
A. Denote

L =d(ro,0) — d(ry1, s}).
For simplicity, we will suppose, without loss of generality, that L is non-negative.
Remember that s} has the same parity than s;. Let us define

by, =by and b} = by if ||s1]l1 does not have the same parity than L(Cy — Cs),
by =b, =0 otherwise.
and | = L(Cy — Cy) + b, — bl

Note that b; — bs is odd, unless S only contains odd integers. But in that case,
C; — Cy is odd and L has the same parity than ||ro||1 + ||r1|l1 + [|s}]|1, that is the
same parity than ||s1||.
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Thus, [ and ||s1]|; always have the same parity. Note that

|| |L||Cy — C2| + B
max(d(0,r9),d(s},71)). max(Cy,Cs) + B

Kl.maX(HT()Hl, ||7"1H1)C + B=B + CKlR

IA A IA

So, by lemma @, and by the choice we made for R, one can construct inside A
two simple paths with no common point vy from 0 to rg, and ~; from s; to r; such
that

Il =2 CK1R+ B, |n| =2 CKiR+ B, |yv|—[nl=L

Let us note k = || — (LC1 4+ b}). As proved in the upper bound for |I|, LC; <
CK1R. We thus have

k>CKi R+ B — (LCy +b)) > B—b; >0.

Obviously, || = LCy + b} + k and |y1| = LCs 4 b, + k. Define also the following
quantity M that will played the role of an “infinite” passage time for open edges:

M = maxq LY aisi+bby+kbi, LY (—ai)si + (b + k)by
€S, i€ES_

+max {d(z,y)(0awae, ), |lzlly = [lyll, = R}

Note that M is in Fyec, the o-algebra generated by {(we,7e),e € A°}. Now define,
for every (we,ne) € A, the configuration (w',7n') € Q: set (wl,n.) = (we,7ne) for
e € EY\A and define (w'y,7) inside A as follows:

i. If p<1,Vee A\(yoUm),w, =0 and n, = by, but this value does not play
a special role;
ifp=1,Vee A\(voUm),n. > M, and w, = 1.

ii. Ve € ygUn,wl = 1.

ili. Assign a passage time to edges in 7o as follows (remember that |y =
LCy + by + k): first, for each i € Sy, give to a;L edges the value 0, = s;
and next complete giving to b} other edges the value 1, = by and to k other
edges the value n/, = b;.

iv. Assign a passage time to edges in v, as follows (remember that |y;| =
LCy + by + k): first, for each i € S_, give to —a;L edges the value 1, = s;
and next complete giving to the remaining b, + &k edges the value 1., = b;.

Now we immediately obtain:

Zﬁé = LZaiSiva’lngrkbl,

e€0 i€S4

Z ., L Z (—ai)s; + (b5 + k)by,

ecyy €S
S =S = LY aisi) + biby — bhby = L = d(0,r0) — d(sh, 1)
ecyo ecy1 €S

For (w,n) € A C Coex(0, s}), there exist two infinite geodesics starting from 0
and s7. Let us denote by I'g (resp. T'1) the part beginning at ro (resp. r1) in the
geodesic starting from 0 (resp. s}) in the configuration (w,n).
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We are going to prove that v UTo (resp. 41 UT1) is an infinite geodesic starting
from 0 (resp. s1) in the configuration (w’,n"). Let x be a point of I'y. Let us prove
that an optimal path from 0 to z in the configuration (w’,7’) is included in o U T.

Let v be an optimal path from 0 to x in the configuration (w’,n’), and denote
by z the point from which the path ~ exits from A. We have

z):Zn’ Zn ) +d(ro, 2).

ecy e€vo

But since Z n'(e) =1L Z a;s;+b ba+kby and d(ro, z)(w', ') < d(ro, 2)(0pwae, ),
e€o i€St
it follows that d(0,z) < M. By definition of M, it ensures that v does not use any
bond in A, except those used in 7y U 1, and particularly, it implies that z = rg,
and thus an optimal path from 0 to z is included in o U I'g.
Similarly, let v be an optimal path from s; to z in the configuration (w’, '), and
denote by z the point from which the path v exits from A. We have

=> " n'(e) <> n(e)+d(r, 2).
ecy eev
Butsince - .. n'(e) = L) ,cs (—ai)si+(by+k)bi and d(ry, z)(w', 1) < d(r1, 2)(0awae, ),
it follows that d(s1,z) < M. By definition of M, it ensures that v do not use any
bond in A, except those used in yg U 71, and particularly, it implies that z = rq,
and thus an optimal path from s; to x uses 1 to exit from A.
Let us now prove that if « € Ty, d(0,2)(w’,n) < d(s1, ) (W', 7).

d(s1,2)(W',n) = d(s1,m)(W,n) +d(ri, ) (0awae,n'),
= d(s1,m) (W', 1) +d(r1,7)(0awac, n),
d0,z)(w',n") = d(O,To)(w, ") +d(ro, z)(0awae,n'),
= d(0,70)(w',n") + d(ro, z)(0pwne,n).

Consequently,

(d(s1,2) = d(0,2))(w', ')

(d(s1,m1) — d(0,70)) (@', 1) + d(r1, 2)(0awae, n) — d(ro, ) (0awae, 1),
(d(s1,m1) = d(0,70))(w,n) + d(r1, 2)(0awnae,n) = d(ro, )(0awae, 1),

d(sy, ) (w,n) — d(0,2)(w,n) >0,

because x € T'g, which is a part of the infinite geodesic issued from 0 in the configu-
ration (w,n). Thus 79 UT is an infinite geodesic issued from 0 in the configuration
W),

( II? t)he same manner, working symmetrically with I'y, we prove that v; UT'; is an

infinite geodesic issued from s; in the configuration (w’,7n’), and finally («’,7n’) €
Coex(0, s1). O

Y

Proof. (Geodesics result). The goal here is to prove that

there exists two distinct semi-infinite geodesics <0
starting from 0 for the random distance d '

The proof is exactly the same as the previous one. The only difference is to use the
single source 0 rather than two distinct sources 0,s}. The geometrical structure
of the modification is once again given by lemma @, and the adjustment of the
values is made as before. (I
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As seen previously, a trouble with integer passage times is that some points can
be reached at the very same moment by the two distinct infections. This case can
be ruled out under some extra assumptions, and this is the goal of the next result.
But first, for two distinct sources x,y € Z¢, we say that the event Sep-Coex(x,y)
happens if

{z € 2¢,d(x, 2) < d(y, z)} is infinite
and {z¢€ Zd d(z,z) > d(y,z)} is infinite
and Vze Zd, d(x, z) # d(y, z) unless d(z, z) = d(y, z) = +00.

We have the following result:

Lemma 5.5. Denote by O the set of non-negative odd integers, and as previously,

let d>2,p>p.d),S, a stationary ergodic probability measure on OB satisfying
() and @B). Then, for x € Z¢ with ||| odd,

P(Coex(0, )\ Sep-Coex(0, x)) = 0.

Proof. By the assumption we made on pu, the length of a path from x to y has the
same parity than ||z — y|/1. So, the identity d(x,z) = d(y,z) can only happens if
|z — y||1 is even. O

Now, for a given point z with ||z||; odd, the fact that P(Sep-Coex(0,z)) > 0 can
be obtained as a consequence of Theorem @ or Theorem @ Note also that when
the assumptions of lemma @ are fulfilled, p is always a norm: since the passage
time of a bond is an odd integer, it is at least equal to 1. Then, it is easy to see
that for each z € Z¢, we have u(z) > ||z||;.

6. AN EXAMPLE OF A DISCRETE TIME COMPETING PROCESS

The last section is devoted to the study of a natural example of a non-trivial
dynamical system which can be studied with the help of Theorem @ and lemma @

Consider two species, say blue and yellow, which attempt to conquer the space
Z%. At each instant, each fertile cell tries to contaminate each of its non-occupied
neighbors. It succeeds with probability p. In case of success, the non-occupied cell
takes the color of the infector. If a yellow cell and blue cell simultaneously succeed
in contaminating a given cell, this one takes the green color. If a green cell and
another cell simultaneously succeed in contaminating a given cell, this one takes
the green color. At the next step, the individuals that have just been generated
are fertile, but the previous generation is no more fertile. We make the following
assumptions:

e the success of each attempt of contamination at a given time does not
depend on the past,
e the successes of simultaneous attempts to contamination are independent.

The first assumption allow a modelization by an homogeneous Markov chain.
Markov chains satisfying to the second condition are sometimes called Probabilistic
Cellular Automata (PCA).

Let us define

S = {0, blue, yellow, green, blue”, yellow™, green*},

where 0 is the state of an empty cell, blue, yellow, green the states of fertile cells,
and blue®, yellow”, green* the states of unfertile cells.
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Since we will study the evolution of a system which starts with only two cells, we
will only deal with configurations in which a finite numbers of cells are nonempty.
So, we will deal with a classical Markov chain on the denumerable set

C={ce S, I finite, & =0 for ke Z\A}.
We now define for color € Act = {blue, yellow, green} :
n(color, z)(€) = [{y € Z% |z — y|l1 = 1 and &, = color}],
and
s(color,z) =1—(1— p)rieotorz)

which represents the probability that at least one neighbor of = succeeds in infecting
x with the given color.

The considered dynamics form an homogeneous PCA with space state S and
whose local evolution rules are given by

(

s(blue, 2)(1 — p)n(vellow,z)+n(green,z) if s =0 and ¢ = blue
)"(bh‘e @) +n(green,z) if s =0 and ¢t = yellow

p) n(yellow,z)+n(blue,z)+n(green,z) ifs=t=0

1-—
(

s(yellow, :c)( —-p
s(

pz(s,t) = s(green, z) + (1 — s(green, z))s(blue, z)s(yellow,z) if s =0 and ¢t = green
1 if s € {blue, yellow, green} and ¢t = s*
1 if s € {blue*, yellow™, green*} and ¢t = s
0 otherwise.

In term of Markov chains, it means that the transition matrix is defined by

V(¢ w) €eCxC p&w) = [ prlér wr).

kezZd

The product is convergent because only a finite numbers of terms differs from 1.
With the help of the tools that we have developed above, we will prove the
following theorem:

Theorem 6.1. Let p > p.. For syeciiow, Shiue € 7 with Spiue # Syellow; let us denote
bY Py s, iomspne the law of a PCA (Xy,)n>0 following the dynamics described above,
and starting a configuration with exactly two non-empty cells: a blue cell at site
Spiue, @ Yellow cell at site Syeiiow, the others cells being empty. Then,

Prsytomsone (V1 € Zy Iz, y) € Z% x Z%, X, (2) = blue and X, (y) = yellow) > 0.
If moreover ||Syeiiow — Sbiuell1 i odd, green cells never appear.
The following lemma gives the link between this PCA and our competing model.

Lemma 6.2. Consider a probability space where lives a family (we)eege of inde-
pendent Bernoulli variables with parameter p, which defines a random chemical
distance D.
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FiGure 3. Two samples of simulation of the competing process
when p = 0.6. The process is stopped when the border of a given
box is attained by one of the two species. The color in the picture
is determined by the time of coloring and the type of the cell.

d .
Let syeliows Shiue € Z¢ With syiue 7 Syettow- Define

blue if n = D(Spiue, ) < D(Syetiow, )
yellow  if n = D(Syettow ©) < D(Sbiue, T)
green if n = D(Syettow, ) = D(Spiue, )
Xn(z) = blue* if D(Spive, ) < min(D(Syeliow, T)
yellow™ if D(Syetiow, ) < min(D(Sppye, ),
green” if D(Syetiow, ) = D(Spiue, ) <N

;1)

n)

0 otherwise.
Then, (X, )n>o0 s an homogeneous PCA with space state
S = {0, blue, yellow, green, blue®, yellow™, green* }
associated to the probabilities p,(s,t) defined above.
Proof. Let us consider the map
fi8% xQp — S
Ew) = (falle,w))seza
where f; : S X Qg — S is defined by

fe(s,w) = s* for each s € {blue, yellow, green}
fz(s,w) = s for each s € {blue*, yellow", green*}

fm(oat) =

blue  if Act N {&y; ||z —yll1 = 1 and wy, ,y = 1} = {blue}

yellow if Act N {&y; ||z —y[1 = 1 and wy, 3 = 1} = {yellow}
green if Act N {&y; ||z —yll1 = 1 and wi, ,y = 1} = {blue, yellow}
green if Act N {&y; ||z —yll1 = 1 and wy, ,y = 1} D {green}

0 otherwise.
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By considering Dijkstra’s algorithm in the particular case where the travel times
are constant, it is not difficult to see that (X,,)n>0 satisfy to the recurrence formula
Xn+1 = f(Xn,w). To recognize (X,)n>0 as a convenient PCA, we will build a
coupling of w with a i.i.d. sequence (w™),>1 to obtain the canonical Markov Chain
representation X, 11 = f(X,,w").

Let (2, F, P) be a probability space with ¢°,w° w!,w?, ... independent {0, 1}Ed
valued variables with Ber(p)@‘:d as common law.

We define Ag = {Sblue, Syellow ; and recursively

Bup1= {yeZN\A, FwedA,:[lz—y|i=1andw}, , =1}
Ani1= AnUBnp.

Note that the random set B, 41 is measurable with respect to the o-algebra gener-
ated by (W% w!, ... ,w™). We define (" recursively by

¢t = witl if e = {z,y} with (z,y) € 04, x Z)\ A,
© % otherwise.

By natural induction, we prove that the law of (" under P is Ber(p)®Ed. By
construction, each bond e writes e = {x,y} with (z,y) € 0A,, x Z%\ A,, for at most
one value of n. It follows that the sequence (" converges in the product topology.
Let us denote by w® its limit. Since the law of (" under P is Ber(p)®]Ed, it follows
that the law of w™ under P is also Ber(p)®E".

Now, it is not difficult to see that sequence (X,,)n>0 defined from w® as previ-
ously, satisfies to the recurrence formula X,, 11 = f(X,,w™), but also to X,,41 =

f(Xn,w™).
It is now proved that (X, ), >0 is an homogeneous Markov chain. The recognition
of the transition matrix follows from an elementary calculus. (]

We can now prove the theorem announced above.

Proof. Clearly, lemma connects the considered PCA with the random distance
studied in Theorem . Here, the passage times of open bonds are identically
equal to 1, which is obviously an odd number. By lemma @, this prevents from
the appearance of green cells when ||Syellow — Sblue|/1 is odd. O

Remarks. If ||Syeliow — Sbiue|l1 7# 0 is even and if the two species infinitely grow,
there are necessarily green cells at the boundary between blue cells and yellow cells.

A natural question is the following: is it possible to have an infinite set of green
cells surrounding the blue cells and the yellow cells 7 The answer is yes, as soon as
[ISyellow — Sbiuell1 7 0 is even: comnsider figure E

The picture describes a particular case when d = 2, but the reasoning can
obviously be generalized.

In this case, the yellow flow and the blue flow immediately converge to engender
a green flow. They also do not develop themselves elsewhere. If the point labelled 0
belongs to the infinite cluster, then the result is proved.

It is now to see that, conditionally to the states of the bonds imposed by this
picture, the probability that 0 belongs to the infinite cluster is strictly positive,
which follows from a classical modification argument.
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FIGURE 4. Green surrounding the two sources
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