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We report on the asymptotic behaviour of a new model of randatik, we term the bindweed model, evolving in

a random environment on an infinite multiplexed tree. Thentewltiplexedmeans that the model can be viewed as
a nearest neighbours random walk on a tree whose verticasamaiinternal degree of freedom from the finite set
{1,...,d}, for some integed. The consequence of the internal degree of freedom is ameeimeent of the tree graph
structure induced by the replacement of ordinary edges H$i-edges, indexed by the s¢f,...,d} x {1,...,d}.

This indexing conveys the information on the internal degr&freedom of the vertices contiguous to each edge. The
termrandom environmenteans that the jumping rates for the random walk are a fanfigdge-indexed random
variables, independent of the natural filtration generdtedhe random variables entering in the definition of the
random walk; their joint distribution depends on the indérach component of the multi-edges. We study the large
time asymptotic behaviour of this random walk and clasdifyith respect to positive recurrence or transience in
terms of a specific parameter of the probability distributid the jump rates. This classifying parameter is shown
to coincide with the critical value of a matrix-valued mplicative cascade on the ordinary trée (the one without
internal degrees of freedom attached to the vertices) bakimsame vertex set as the state space of the random walk.
Only results are presented here since the detailed protifappiear elsewhere.
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1 Introduction

1.1 On the generality of the random walk in a random environment on a tree

Markov chains on denumerable graphs enter in the modelfingioh variety of phenomena; among such
graphs, trees play a basic and generic role in the sensth#yatan encode simultaneously

e the topological structure of a vast class of general (not necessarily tree-like) denumerable
graphs,

e the combinatorial structure of paths on these general graid

o the probability structure generated on the trajectory sjpdthe Markov chain evolving on the these
general graphs.

In the sequel we give a short explanation of the reason tlegsspch a generic rdle among denumerable
graphs. We know, after Kolmogorov, that in order to descailbendov variablX with space of outcomes
a discrete measurable ggf, x ), of law Px, one has to use an abstract probability sp@eer ,P) on
which the randov variable is defined. However, the choicéigfdpace is not unique. Among the infinite
possible choices, there exists a “minimal” one, giventby= X, realising the random variable as the
identity mapX (w) = wandP =Px. Similarly, when(X,)nen is @ sequence afidependenand identically
distributed random variables with space of outcomes theretis spacéX, x ), the minimal realisation
of the abstract probability space carrying the whole segeiés thespace of trajectories or full shift
Q = X" and the sequence is realised by the canonical projeXtitw) = wy, for n € N. However for a
sequence oflependentandom variables the space of trajectories may be not minifitae reader can
easily convince herself by considering the exampl&ef {a,b,...,z} and(Xn)nen being the sequence
of letters appearing in a natural language. Then the occer@f, Xn+1, Xn+2) = rzt never appears in a
language like English or French.

For the special case of Markovian dependence, the natuaakdipr the realisation of the sequence
(Xn)nen) is the so called unilateral or bilatersibshift spacesbtained from thh full shift by deleting alll
sequences containing forbidden subwords. For Markoviguesgces, defined through a stochastic matrix
P, subshift spaces can also be obtained in terms of the adjaceatrix of the sequenca: X x X —
{0,1}, given by the formula\(x,y) = 1 wheneveP(x,y) > 0 and zero otherwise.

Suppose now we are given an arbitrary directed graph haviimgta or denumerable set of vertices
and being such that only a finite number of edges is emittedbewery vertex, not having any sources
or sinks, and having (complex) weights attached on its edgiese the vertex set is at most countable, it
is in bijection with an at most countable alphabet. We saydhsequence of letters from the alphabet is
a path of the graph, if the corresponding sequence of veriicguch that any ordered pair of subsequent
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vertices is an element of the edge set. The set of paths dfasblength is callegpath space of the
graph (see [13] for precise definitions.) Notice that the conditibat two subsequent vertices must be
an allowed edge prevents some sequences of vertices framg dgiath. The adjacency matrix defines a
subshift space for the trajectories of a symbolic unildter#ilateral Markov chain that is identifed with
the path space of the graph. It is easy to show that the patie gffany graph has a natural tree structure
[1], giving thus a first hint that trees play a prominent r@teong graphs. Their importance does not stop
here however. We can in fact define a so-caledluation magrom the path space of a graph into some
setA. Depending on the precise algebraic structure of thé setd of the evaluation map, a vast class of
objects can be defined. Instead of giving precise definitiensis give the following

Example 1.1 (An elementary case)Start with the finite complete graph on 4 vertices, denotenthg

the letters E, N, W, and S for definiteness, and consider thateral path space of the gragte. the set

of words of arbitrary length on the alphabet of these 4 Istt@hoose for the spacdethe Abelian group

72 and for the evaluation map the function taking the vatge; + nyex + nw(—e1) + ng(—e) € 72,
whereng, Ny, nw, s denote the occurrences of the letters E, N, W, and S in a gived,vande;, e, are
the unit vectors oZ?. The evaluation map can be thought as the physical obervpbsition of the
random walker” when the history of the individual directsoof movement is kept in memory; individual
directions define a path in the path space and the evaluadprcomputes the actual position of the walker
which has doneg eastward movementsy westward movements, etc. The graph that is generated in this
way is the graph that coincides with the Cayley graph of theli@in grougZ?. The evaluation map being
many-to-one, its multiplicity encodes the combinatoritthe path space while the product of the graph
weights gives the relative weight of individual paths in fagh space of this graph. When the weights are
probability vectors, this weight coincides with the proltioof the trajectory of the simple random walk
onZ?. Notice however that the weights need not to be probabititstars, allowing us to consider both
random and quantum grammars.

The above example serves as a basic paradigm; by apprdypdhganging the evaluation map, it can be
generalised in numerous ways to produce configuration Spaf¥NA strands (when the path space coin-
cides with the path space of the complete graph over 4 Igtteva-Abelian groups like the free group on 2
generators, Cuntz-Krieg€&*-algebrasi(e non-commutative operator algebras attaching non-zet@par
isometries on every edge; see [24] for additional detadglirally arising in some problems of quantum
information. Infinite trees provide a rich variety of mathegtinal problems, particularly connected to their
non-amenability; beyond their mathematical interest tugse as more or less realistic models in several
applied fields like random search algorithms in large datacsires, Internet traffic, random grammars
and probabilistic Turing machines, DNA coding, interagtimndom strings and automated languages,
etc. The previously exposed ideas, already lurking in [B], have been exemplified in [8, 1], and will
be further exploited in [24].

Random environment is a means to introduce context-deperde the language. Again, due to the
generality of trees as underlying graphs, random walksid@an environment on trees provide interesting
context-dependent results for random walks on a huge cfassm@ general graphs.

Random walks in random environments on various types oftgrape known to display a behaviour
dramatically differing from the one for ordinary random &&bn the same graph. See [27, 26, 11, 12, 16,
4,18, 22, 5, 2] etc. for a very partial list of known resultslanodels.
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1.2 Rough statement of the main results for bindweeds

As a simple example, consider a rooted tree with constantbiagb, and let us construct a random walk
in random environment on it by sampling the transition philitées (or transition rates, for continuous
time) in each vertex from a given distribution, indepentiertvhen studying the question of (positive)
recurrence of such a walk, one naturally arrives (see [1,82he following model. On each edgeof
the tree, we place an independent copy of a positive randeiablaga. Then, for each vertex denote
&[v] =¢&a, ... Ea, Whereay, ..., an is the (unique) path connecting the roottoModels of this type are
calledmultiplicative cascadeisee e.g. [10, 15]), and, to study the positive recurrentieeatorresponding
random walk in random environment, one has to answer thetiqgneshether the sum df[v] is finite. It
turns out (see e.g. [16]) that the classification parametehfs problem is

A= inf REES 1
se'%,l] &a 1)

which is then compared to/b (in fact, in [16] the case of general tree was considered}laadbllowing
result is established:

e if Ab < 1 then the random walk for almost all environments is positecurrent
e if Ab> 1 then the random walk for almost all environments is trartsie

The critical casé\b = 1 is more complicated.

In [23], we introduced a model of random walk with internagdees of freedom whose multiplicative
cascade counterpart is expressed by a model placing randudrices on the edges in place of scalar
random variables. The main classification paramatesill be defined in the formula (3) below, and the
main results are Theorems 3.1 and 3.2 (a lot of preliminamkugrequired, however, before formulating
these results). This model is also equivalent to random watandom environment on a multiplexed
tree, a process we terbindweedn the sequel. However, for trees with average branchirtge rough
statement of our result is as above witheplaced by\.

It was remarked in [22] that asymptotic properties like reence/transience of random walk on trees
with constant branching are intimately connected to the existence of non-trividisons for the so-
called multiplicative chaos equation of ordgffirst introduced as a simple turbulence model in [20]. The
simplest variant of the multiplicative chaos equation is following: let (§i)i=1.. b, Withb e N, be a
finite family of non-negative random variables having knguint distribution andY/)i—1..» andY be a
family of b+ 1 independent non-negative random variables distributedrding the same unknown law

and verifying
b

The multiplicative chaos problem consists in determininder which conditions on the joint distribution
of the&’s the above equation has a non-trivial solution. This sgadablem is thoroughly studied in the
literature, see e.g. [3, 6, 14]. As we remark later in thisgrathe matrix multiplicative chaos equation
may be an interesting problem to study as well.
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2 Notation

In this section we give the formal definitions concerningsein particular, we define the notions of the
growth rate and the branching number.

We denoteR | = [0,[, Z; = {0,1,2,...}, N={1,2,3,...}, and for everyn ¢ N, N, = {1,2,...,n},
while No = 0. Let 2 = a1 be a finite or infinite denumerable set, called #hghabet Definea® = {0}
and for everyn € N denote

a"={a=a;---0n:0j € a fori e Np}

the set of words of length (i.e. havingn letters),
A * - UneZJr.q n
the set of words of arbitrary (finite) length, and

02*=a2"={a=0a102---:0; € 4 fori € N}

the set of infinite words. Finally, denote* = 2* Uda* anda* = a*\ 4°.

For everya € 2%, there exist® € Z . such thati € 2"; in this situationa| := n denotes théengthof
the worda with the conventioni0| = 0. Consistently, for everg € 0.2*, we havela| = «. Fora € 2*
with |a| > nwe denote byi[,, = a1 ---a, € 2" therestrictionof a to itsn first letters with the convention

alo = 0. For everyo € 2*, theancestord of o is defined byd = a llaj-1- Fora € 2* andf € 2%, the
concatenatiorof a followed by f3 is the worda3 = ay --- o|q B2 -+ and fora, € 2%, theircommon
radix o A B is the longest word¢ € 2* such thain = ya’ andB = v’ for some wordsa’,’ € a*. We
writea <Bif a=aAp.

Remark: Notice that, consistently with the above notation, the syniy denotes the set of finite words
on the alphabelN, contrary to some tradition (especially the French one)revtiieis symbol is used to
denote what we call hefg.

Definition 2.1 A mappingB: N* — Z, is called abranching function

To each branching function corresponds a uniquely detemiooted tredl = (V, A) with vertex set

V = V*(B) C N* and edge seh = %OI defined as followsV*(B) = UnenV"(B) whereVO(B) = {0} =
{root} = {0} and forn e N,

V'(B) ={v=Vi---Vn:Vi € Ngy,_,), forl =1,...,n}.
The branching function is said to béthout extinctiorif the corresponding tree has non-trivial boundary
dV. The edge set is the subset of unordered pairs of veffiices= [v, u] such that eithev =G oru = V.
Since every vertex has a unique ancestor, every edge isdaddigxits outmost vertex.e. for everyv € {/
the corresponding edgeagv) = [V, v], showing thus thaf ~ V.
If u,v € Vandu <vwe define thgath(u, v] as the collection of the| — |u| edgesu, vy 1], -- -, [V, V],

and ifu = 0 then we simply denote bjy] the path[0,v] for everyv € V. Inthe sequel we shall consider
only branching functions without extinction
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Definition 2.2 Letk, = cardV"(B) denote the cardinality of tha" generation of the tree defined by the
branching function without extinctioB. We calllower growth rateof the tree
gr(V) = liminf P

upper growth rateof the tree
g7 (V) = limsupk¥ ",
n

and, ifgr(V) = gr(V), we call the common valugrowth rate

gr(V) = IiLn k",

Foru,v € 0V, defined(u,v) = expg(—|uAv]). It can be shown thal is a distance o@V. Moreover if
1Bl = SUR,cy B(V) < o then the spacéV,d) is compact and we can define its Hausdorff dimension
dimy 0V as usual (see [7] for instance).

Definition 2.3 For a treéV generated by a branching functiBwith ||BJ|. < o, we define itdranching
rate
br(V) = exp(dimy V).

It is shown in [21, 16] thabr(V) = sup{A : inf T ,.c A"Vl > 0} where the infimum is evaluated over all
cutsetC of V. We have in general that(V) < gr(V).

3 Matrix multiplicative cascades and the corresponding results

Let(Q, ¥ ,IP) be some abstract probability space which carries all théaarvariables that will be needed
in the model. LetV,A) be the rooted tree associated with a given branching fum&id_et G be the
topological groufiL(d,R), g its Borelo-algebra angla probability on(G, g ). Denote byo,, = suppp C
G the support of the measupeand byZ,, the semi-group generated by. On(Q, 7 ,P), define an edge-
indexed family of independe@-valued random variabld€,)ac identically distributed according ta,
ie.

P(&a € dg) = u(dg), forallac A.
Foru,v € V with u < v define

—

Euvi= ] &

ac(u,v]

where[] denotes the product in reverse ordeg, if [u,v] = a;---ax theng[u,v] = &, --- &4, With the
conventiorg [v,v] = ewheree s the neutral element @&. We introduce the followings-valued random
processes: theatrix-multiplicative cascade process

Yn= % &[v], neN
veyn
and theintegrated matrix-multiplicative cascade process

n
Zn = l.le, n 6 N
2
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For afixedv € 0V and allne N
Xn = Xn(V) = E[V[n]

It is immediate to see (cf. [25]) thdX,)nen is @ G-valued multiplicative Markov chain with stochastic
kernel
P(g.dg') = P(Xns1 € dg[Xn = 9) = ux8y(dg), neN,

where for two measurgs | on (G, ) their convolutiorux |/ is defined by its dual action dot(G) via
(wetl, 1) = [ f(@mei(dg) = |_ [ f(ad)udg(de).

for all f € L1(G). We equipEnd(RY) = GL(d,R) = G with the operator norm, denotéd ||, stemming
from thel; norm of the vector spadEd.

In order to be able to apply the results of [9] to our speciakcave require the following conditions on
VR
Condition 1 (Integrability): Forallse R,

[ gl u(dg) < e

Condition 2 (Strong irreducibility): We assume that the sk, is strongly irreduciblej.e. there is no
finite >-invariant family of proper subspaces.
Condition 3 (Strict positivity): We assume that, C G, and thap(G+ \ G.) =0.

Fors> 0, define

=t ( [ Iaiwian) @

(By virtue of theorem 1 of [9], under conditions 1-3 this linekists inR,; and defines a log-convex
function. As a matter of fact, in [9] a weaker condition tharc8lled proximality, is needed to prove this
result.) We define in the sequel the quanifythat turns out to be the main classification parameter for
the matrix multiplicative cascades model, by

A= _nf KO 3)

(compare (3) with (1).)
We are now in the position to state our main results.

Theorem 3.1 Let(V,A) be some tree defined in terms of a given branching functiondggV) andA
defined as in definition 2.2 and equation (3) respectiveli\deédithe conditions 1, 2, and 3,

Agr(V) < 1= {wjj < o almost surely, for allij =1,...,d.

Theorem 3.2 Letbr(V) andA be the quantities introduced in definition 2.3 and equatioaspectively
and let € RY be the vector having all its components equal til= 1, foralli = 1,...,d. Let(V,A)
be some tree defined in terms of a given branching functiortf®wi extinction. Under the conditions 1,
2,and 3,

Abr(V) > 1= Zs 1= (X, (wX) =  almost surely.
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Remark: Similarly to [16], there is a gap between Theorems 3.1 andsi2e in general the branching
number need not be equal to the growth rate. However, thigtigery important, because in most of the
practical examples these quantities do coincide.

Remark: As mentioned above, the classification parameter for thiblpm isA = infs_ g 1K(s). This pa-
rameter is not explicitly computable in general since ibires the infinite product of matrices. However
for some particular cases this quantity can be computedoitkphs stated in the following proposition.

Proposition 3.3 Suppose that the measure y is such thakgl/d almost surely for allijj = 1,...,d.
ThenA is the largest eigenvalue of the matiiy.

Remark: It is interesting to consider thehaos equatioffor the case of matrix-valued random variables
and constant branchirig

b
Y=Y Y, C)
21

whereY,Yj’,Ej are G-valued random variables, aig (which are not necessarily independent) are dis-
tributed according tqL; Yj’, j=1,...,b, arei.i.d. and have the same (unknown) lawa#nalogously to
[22] we can get that (at least in the case whenatisfies conditions 1,2,3 = 1 is a necessary condition
for the existence of solution of (4). Itis an open problem thiee this condition is sufficient.

Remark: The condition of independence of the random variablesan be relaxed; what is important is
1. if & and&y, are not adjacent to the same vertex then they must be indepgrahd

2. theg’s that belong to any path emanating from the root must bepedédent.

4 The bindweed model

In this section we introduce a model describing an evolutifcarandom string in random environment on
a tree (which is somewhat similar to the model studied in\#jjch we call the bindweed model. Then,
we show that its classification from the point of view of piv&trecurrence can be obtained by using
theorems 3.1 and 3.2.

Let s = {1,...,d} be a finite alphabet and denote, in accordance with the notthtroduced in
Section 2,s™! = {0 = 0p---0, : G; € 5} the set of words of length+ 1 composed from the symbols
of the alphabes, s° the set containing only the empty word aptithe set of words of arbitrary length.
Suppose that a branching functiBiis given onN* and denot&™ = V"(B) the corresponding generations
of the tree determined . Therefore, the rooted trée= (V, A) is uniquely defined.

Now we are going to construct a continuous-time Markov chwth state spac&, defined by

S ={0yulJ (V" x5,
n=1

whered is a special state to be defined later. In fact, what happetieifollowing: we place a word
0 = 0p...0n on the tre€T in such a way that the'®symbol of the word is placed on the rdatfor any

i =1,...,nthei™ symbol of the word is placed somewherelih and, if thei!" symbola; is placed on
vertexu, andoi1 onv, thenu < v and[u,v] € A (see figure 1). The staemeans that nothing is placed
on the tree.
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2

Fig. 1: A typical state of the bindweed model for s = {1,2,3}, 0 = 2313 and T the binary tree.

Now, let us define the dynamics of the bindweed model. Supthaédor anya € A two collections of
positive numbergvy,(a),y,z€ s), (Wy(a),y € ) are given. If the bindweed model is in the stateo),
whereo = gp...0n_1y, U € V", then

e forn> 0 itjumps to the statév, 0g. .. 0n_1y2) with ratevy,(a(v)), forallve V:u=1¥;

e forn>1itjumps to the statél,og...on—1) With ratepy(a(u)).

For anyag € s the transition® — (0,00) and(0,00) — 0 occur with rate 1. Thus, we have defined a
continuous-time Markov chain with state spage

Let us describe now how to choose the transition rates.pltet any probability measure (Rff*d.
Suppose that for ang € A the vector=(a) = (vy,(a),y,z€ S,Hy,y € ) is random, having distribution
p, and(=(a),a € A) are independent and identically distributed. Fix a retfisaof that collection of
random vectors and consider the bindweed model with theitian rates ruled by that realisation. So,
the model that we constructed is a continuous-time Markaircim a quenched random environment.

Now, we are interested in obtaining a classification of therkév chain with respect to positive recur-
rence. For(v,0) € & denote byr(v, o) the stationary measure. For aa¥ A let &, be ad x d matrix
whose matrix elements are defined in the following Waysy = Vxy(a)/py(a), X,y € $. Itis not difficult
to see that we have a reversible Markov chain, so it is cleami{d) = (0, x), for all x € s, and, for any
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ve V" n>1,andxy,0o,...,0n2 €5, we can formally write

T(V,00...0n_2Xy) = %T{(\?, 00...0n_2X)
= &aw)xyT(V,00...0n2X). (5)

Then it is shown in [23] that

Y mv.0) =) (x, S E[V]x)
oin

wherey is the vector of orded with all its coordinates equal to 1. Th§s, g)cs TV, 0) is finite if and
only if Z is finite. Thus, theorems 3.1 and 3.2 allow us to obtain thestfi@ation of the bindweed model
in random environment from the point of view of positive rereunce, in the following way:

Proposition 4.1 Suppose that the distribution of the random maéixs such that the Conditions 1, 2,
and 3 are satisfied. Let be the quantity defined as in Section 3. Then

o if Agr(V) < 1, then the bindweed model is positive recurrent;

o if Abr(V) > 1, then the bindweed model is not positive recurrent.

5 Open problems and further developments

We demonstrated a close relationship between matrix nficlipve cascades and random walks in random
environment on multiplexed trees. In particular it is pnowe [23] that both systems are classified by the
same parameter. However, the critical region remains orgauth for the moment. Firstly it is not known
whether, for sufficiently recular trees so tigatV) = br(V) = b, the walk is null recurrent fokb = 1 or
some additional condition is needed|pas is the case for scalar multiplicative chaos [14] and fodaan
walk [16]. Returning to the general tree wh@r€V) # br(V), we obtain a gap in the space of classifying
parameters. It is however conjectured in [17] that in gelndra set of critical values is of zero Lebesgue
measure for string problems. We expect the same phenomemactr here. Nevertheless, whether the
critical value of the parametre is(V) or gr(V) or some intermediate value is unknown for the moment.

An important step towards understanding these problemlgdib@umade if conditions for the existence
of non-trivial fixed points of the functional equation (4) reeobtained. This remains for the moment an
open problem although under investigation.
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