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Hodge-DeRham theory with degenerating coefficients
Fouad Elzein

Abstract

Let £ be a local system on the complement X™* of a normal crossing divisor (NCD) Y in
a smooth analytic variety X and let j : X* = X — Y — X denotes the open embedding. The
purpose of this paper is to describe a weight filtration W on the direct image j, £ and in case
a morphism f : X — D to a complex disc is given with Y = f~1(0), the weight filtration on
the complex of nearby cocycles ¥¢(£) on Y. A comparison theorem shows that the filtration
coincides with the weight defined by the logarithm of the monodromy and provides the link
with various results on the subject.

Mathematics Subject Classification(2000): 14C30 (primary), 14F25 (secondary).

1§. Introduction

We consider a local system £ on the complement X* of a normal crossing divisor (NCD) Y in
a smooth analytic variety X and let j : X* = X — Y — X denotes the open embedding. The
purpose of this paper is to describe a weight filtration W on the direct image j.£ ( denoted also
Rj.L) in the category of perverse sheaves and in case a morphism f : X — D to a complex disc
is given with Y = f71(0), the weight filtration on the complex of nearby cocycles ¥ #(L)onY.
This subject started with Deligne’s paper [8] when £ = C ( Steenbrink treated the complex
of nearby cycles in [32]), then developed extensively again after the discovery of the theory of
intersection cohomology [17] perverse sheaves [2] and the purity theorem [2], [5], [24]. The theory
of differential modules introduced by Kashiwara proved to be fundamental in the understanding
of the problem as it appeared in the work of Malgrange [28], Kashiwara [24]-[26] and later M.
Saito [29],[30]. It is interesting to treat the problem by the original logarithmic methods as
proposed in the note [14], in order to obtain topological interpretation of these results in the
direction of [27](for another direction [15]). Let me explain now the problems encountered in the
construction of a mixed Hodge structure (MHS) for X proper on the cohomology H*(X —Y, ).

Hypothesis 1. Let L be a local system defined over Q, on the complement of the normal crossing
divisor (NCD) Y in a smooth analytic variety X, (Lx,V) the canonical extension of £& =
L ® C [6] with a meromorphic connection V having a regular singularity along Y in X and the
associated DeRham logarithmic complex Q% (LogY) ® Lx defined by V (in the text we write L
and L for the rational as well complex vector spaces ).

In order to construct a weight filtration W by subcomplexes of Q% (LogY) ® Lx we need
a precise description of the correspondence with the local system L. For all subset M of I,
let Yar = NiemY; and Yy, = Y — Uigm Y, ja:Yyp — Yar the locally closed embeddings, then
Yy —Y;; is a NCD in Yy and the open subsets Y}, of Y3, form with X™ a natural stratification of
X (' we suppose the NCD Y = U;¢1Y; equal to the union of irreducible and smooth components
Y; for i in I). All extensions of £ that we will introduce will be constructible with respect to this
stratification and even perverse. In fact we will need a combinatorial model of Q% (LogY ) ® Lx
for the description of the weight.

If we consider a point y € Yj; and a variation of Hodge structures on £ of weight m,
locally defined by a nilpotent orbit L and a set of nilpotent endomorphisms N;,i € M, the



nilpotent orbit theorem [4], [24] states that it degenerates along Y}, into a variation of M HS
with weight filtration WM = W (3;carN;) shifted by m, however this result doesn’t lead directly
to a structure of mixed Hodge complex since what happens at the intersection of Y; and Yg
for two subsets M and K of I couldn’t be explained until the discovery of perverse sheaves.
The M HS we are looking for cannot be obtained from Hodge complexes defined by smooth and
proper varieties, so it was only after the purity theorem [2], [5], [24] and the work on perverse
sheaves [2], that the weight filtration W(N') on ¥;(L) has been defined by the logarithm of the
monodromy A in the abelian category of perverse sheaves ( object not trivial to compute). In
characteristic zero this has been successfully related to the theory of differential modules [29].
In this work we study the construction of the weight filtration given in the note [14] with new
general proofs of the purity and decomposition statements there. The key result that enables
us to simplify most of the proofs is the following decomposition (see §2 ):

GTXVML = By, Gr,V,[L/: e GTWIL

i€ MMM =T mi

and in fact the intersection complexes defined by the local systems on Y}, with fiber:

n 1
EBE,'EMmi:rf\MLmiZOGTKn - GrW (L) (N1L + -+ + N, L))

will be the Hodge components of the decomposition of the graded part of the weight filtrations
(of the primitive parts in the case of nearby cocycles). This main result in the open case, its
extension to the case of nearby cocycles and its comparison with Kashiwara and Saito’s results
form the contents of the article in the second and third sections. We hope that this comparison
will be helpful to the reader who doesn’t want to go immediately through the whole subject of
differential modules.

One important improvement in the new purity theory with respect to the theory of mixed
Hodge complexes in [8], [9] is the fact that the objects can be defined locally: these objects are
the intermediate extensions of VHS on Y}, for some M C I since such extension is defined on
Y even if it is not proper which makes such objects very pleasant to use especially in the Wy
case. We adopt here the convention to use the terminology of perverse sheaves up to a shift
in degrees, although it is very important to give explicitly this shift when needed in a proof.
Let us review the contents: the definition of the weight is in (§1,17,2) formula (14); the main
results are in §2, namely the key lemma for the decomposition at the level of the weights (7, 1),
the local purity (1.3), the local decomposition (/1) and the global decomposition (/7). In
63, the weight of the nilpotent action on Wy is in (/), the local decomposition in (I,1), the
global decomposition in (7,2), the comparison in (I7) and in an example we apply this theory
to remove the base change in Steenbrink’s work. In the last part we just state the results for
good VM HS as there is no new difficulties in the proofs. Finally we suggest strongly to the
reader to follow the proofs on an example, sometimes on the surface case as in (/1.1.5), or for

X aline and Y = 0 a point, then the fiber at 0 of j,£ is a complex L N I where (L,N) is
the nilpotent orbit of weight m defined at y and the weight on the complex is W[m| defined by

Wim|y4m = Wy = (W1 L A W,_1L). This example will be again useful for ¥ ;L in §3.

I. Preliminaries on perverse extensions and nilpotent orbits

In the neighbourhood of a point y in Y, we can suppose X ~ D"t* and X* ~ (D*)" x DF
where D is a complex disc, denoted with a star when the origin is deleted. The fundamental



group II;(X™) is a free abelian group generated by n elements representing classes of closed
paths around the origin, one for each D* in the various axis with one dimensional coordinate z;
( the hypersurface Y; is defined by the equation z; = 0 ) . Then the local system £ corresponds
to a representation of IT;(X™) in a vector space L, i.e the action of commuting automorphisms
T; for i € [1,n] indexed by the local components Y; of Y and called monodromy action around
Y;. The automorphisms T; decomposes as a product of commuting automorphisms, semi-simple
and unipotent T; = TT;*. When L is a C - vector space, T;’ can be represented by the diagonal
matrix of its eigenvalues. If we consider sequences of eigenvalues a; for each T; we have the
spectral decomposition of L

(1) L=®,L" , L% =icpnUjso ker (T; — a; 1))
where the direct sum is over all families (a.) € C". The logarithm of T; is defined as the sum
(2) LogT; = —2in(D; + N;) = LogT? + LogT}"

where —2imD; = LogT} is the diagonal matrix formed by Log a; for all eigenvalues a; of T}’ and
for a fixed determination of Log on C*, while —2i7N; = LogT}" is defined by the polynomial
function —2i7N; = Xg>1(1/k)(I — Tlu)k in the nilpotent (I — T*) so that the sum is finite.
Now we describe various local extensions of L.

1.1 The (higher) direct image j,L, local and global description The complex j, L is
perverse and its fiber at the origin in D"** is quasi-isomorphic to a Koszul complex as follows.
We associate to (L, (D; +N;),1 € [1,n]) a strict simplicial vector space such that for all sequence
(t.) = (i1 < -+ <ip)

The associated simple complex is the Koszul complex or the exterior algebra defined by
(L, D; + N;) denoted by Q(L,D.+ N.):= s(L(J), D. + N.) jc[1,n) where J is identified with the
strictly increasing sequence of its elements and where L(J) = L. It can be checked that its
cohomology is the same as Q(L, Id — T.), the Koszul complex defined by (L, Id — T;),i € [1,n].

When we fix a family «; € [0,1] for j € [1,n] such that e(a;) = 2™ = q; is an eigenvalue
for D;, we have

(3) QL,D. + N.):=s(L(J), D. + N.) jc(in) = Ba. ALY, a.ld + N.).

In particular each sub-complex is acyclic when «; is not zero since then o ;/d+ N; is an isomor-
phism. This local setting compares to the global case via Grothendieck and Deligne DeRham
cohomology results. Let y € Y7, then

(4) 3Ly = (Qx (LogY) @ Lx)y = (L, Dj + Nj, j € M)

When we start with a Q local system, Lx is equal to the canonical extension with residue
a; € [0,1[NQ such that a; = e ™. An element v of Lf}(a') = L&) J ¢ M, corresponds to
the section ¥ ® CQL]’ of (Lx ® dzif)y, where dzi]’ = Ajefiijj by the formula

(5) V(z) = (exp(Xjcslogzj(aj + Nj))).v = ILjc 12;% exp(EjeslogzjNj).v



a basis of L is sent on a basis of (Lx),, the endomorphisms D; + N; defines corresponding
endomorphisms denoted by the same symbols on the image sections v and we have
~ - de
(6) Vo = EjeJ(aj + Nj).?} ® Z_
J

This description of (j,£), is the model for the description of the next various perverse sheaves.

1.2 The intermediate extension j,£L Let (D+N); = II;c;(D;+N;) denotes a composition
of endomorphisms of L, we consider the strict simplicial sub-complex of the DeRham logarithmic
complex (2.4) defined by Im(D 4+ N); in L(J) = L. The associated simple complex will be
denoted by

(7) IC(L):=s((D+ N),L,(D. +N'))JC[1,n}

The intermediate extension ji.L of £ is defined by an explicit formula in terms of the stratification
[24, §3]. Locally its fiber at a point y € Y, is given in terms of the above complex

(8) L)y ~IC(L) ~s((D+ N)sL,(D.+ N.)) ;e

The corresponding global DeRham description is given as a sub-complex IC(X, £) of % (LogY )®

Lx. The residue of the connection V along each Y; defines an endomorphism (D; + N;) on the

restriction Ly, of Ly, then in terms of a set of n coordinates y;,i € [1,n] defining Y); on an

open set U, containing y € Y}, where we identify M with [1,n] = M (n =| M |) and a section
f=Sscmrnm=afrr (L) A dy,

Yg
where we define y; = Il;c yy; and dy; = Ajesdy;, we have

9) felIC(U,,L) =V CM, f15/Yr€(Ds+Nj)(Ly,)

A global definition of IC(X, £), using notations of [26], is given as follows. Consider M C I and
for all J C M the families of sub-bundles (Dj + N;)(Ly,) of Ly,, then define for each M the
sub-module Z(M) of Lx consisting of sections v satisfying:

veI(M)& VI CI,v/Yy € (Dung +NMOJ)(EYJ)

This submodule is well defined since we have, for J C K, the inclusion (Dj + Nj)(Ly, )y, D
(Dk + Nk)(L)y,). Let Q(M) be the Ox sub-exterior algebra of Q% (LogY’) generated by
Q% (LogY;) for i in M. Then we can define

(10) IC(X, L) =XpciQUM)RI(M) CQ}(LOQY)(@,CX,

In terms of the decomposition (3), since the endomorphism (o Id + N;) is an isomorphism

on E;(ja') whenever a; # 0, we introduce for each set c. the subset I(a.) C [1,n] such that
j € I(a.)iff oj = 0, then for each J C [1,n] ,(D + N)JLe(a') = NJm(a.)Le(a') where Njnr(a.) =
e jnr(a.)Nj ( the identity if JNI(a.) is empty). Then locally the fiber of j..L at a point y € Yy,

1S
(11) jie(L)y = IC(L) ~ @a.8(Nyrr(a) L)) seur

Remark: The fiber of the complex (2% (LogY) ® E%a'))y is acyclic if there exists an index
Jj € M such that oj # 0.



1.3 Hodge filtration, Nilpotent orbits and Purity Hypothesis 2: Variation of Hodge
structures (VHS). Consider the flat bundle (Lx, V) in the previous hypothesis and suppose now
that Lx~ underlies a VHS that is a polarised filtration by subbundles F' of weight m satisfying
Griffith’s conditions [19].

The nilpotent orbit theorem [19], [4], [24], [25], states that F' extends to a filtration by
subbundles F' of Lx such that the restrictions to open intersections Y}, of components of Y’
underly a variation of mixed Hodge structures VM HS where the weight filtration is defined by
the nilpotent endomorphism Ny, defined by the connection.

Local version.

Near a point y € Y} with |[M| = n a neighbourhood of y in the fiber of the normal bundle looks
like a disc D™ and the above hypothesis reduces to

Local Hypothesis 2: Nilpotent orbits [4]. Let
(12) (L,N;, F,P,m,i € M = [1,n])

be defined by the above hypothesis, that is a Q vector space L with endomorphisms N; viewed
as defined by the horizontal (zero) sections of the connection on (D*)™, a Hodge structure F' on
Lt =1L ®q C viewed as the fiber of the vector bundle Lx at y (here y = 0), a natural integer
m the weight and the polarisation P.

The main theorem [4] states that for all N = Y;cp A\ N; with A; > 0 in R the filtration
W (N) ( with center 0 ) is independant of N when \; vary and W (N)[m] is the weight filtration
of a polarised M HS called the limit M HS of weight m ( L, F, W (N)[m]).
Remark: W (N)[m| is W(N) with indices shifted by m to the right: (W (N)[m|),:= Wyr_n(N),
the convention being a shift to left for a decreasing filtration and to right for an increasing
filtration.

We say that W(N) defines a M HS of weight m on L. It is very important to notice that the
same orbit underlies other different orbits depending on the intersection of components of Y
(here the intersection of the axis of D™) where the point z near y is considered, in particular
F, # F,. In this case when we restrict the orbit to J C M, we should write

(L,N;, F(J),P,m,i € J C M)

Finally we will need the following result [4 p 505]: Let I,J C M and let N;j = ¥;c;N; then
W(Nyyuy) is the weight filtration of N; relative to W (Ny)

. i W (N1Us) v, W(NT) ~ ~ W(N1U) v, W(N
VJ,ZZO,NJZGTZ-Jr; ! ’)Grj ( I)—>G7°j7(i ! ])Grj 1),

I1. The weight filtration on the logarithmic complex

Now we want to give the construction of the weight filtration given in [14] and based on a
general formula of the intersection complex given by Kashiwara and Kawai[26]. Earlier work in
the surface case using ad hoc methods showed that the purity and the decomposition theorems
could be obtained out of similar considerations.

To this purpose we introduce a category S(I) = S attached to a set I. We start with a
local study, that is to say with the hypothesis of a polarised nilpotent orbit and we describe the
weight filtration W on the DeRham complex Q(L, N.). In fact the filtration W is defined on



a quasi-isomorphic complex and may appear unrealistic at first sight, however the features of
the purity theory will appear relatively quickly. First we ask the reader to take some time to
get acquainted with the new category S(I) serving as indices for the new complex. The lowest
weight is given by the intermediate extension of £ or IC(L), then for the higher weights we
need to introduce the complexes CXM[ for K ¢ M C I which describe the geometry of the
decomposition theorem (§2, II) and the purity theory (§2, 1.3) where the proof reflects deep
relations between the weifgt filtrations of the various V;.

1.4 Complexes with indices in the category S(I). We introduce a category S(I) = S
attached to a set I, whose objects consist of sequences of increasing subsets of I of the following
form:

(s_):(I:81282...23p7é@), (p>0)

Substracting a subset s; from a sequence s defines a morphism §;(s.) : (s. — s;) — s. and
more generally Hom(s'.,s.) is equal to one element iff (s.”) < (s.) . We write s. € S and define
its degree | s. | as the number of subsets s; in s, or length of the sequence.

Correspondence with an open simplex. If I = {1,...,n} is finite, S(I) can be realised as
a barycentric subdivision of a simplex of dimension n — 1, a subset K corresponding to the
barycenter of the vertices in K and a sequence of subsets to the simplex defined by the vertices
associated to the subsets. Since all sequences contain I, all corresponding simplices must have
the barycenter as vertex, that is: S(I) define a simplicial object computing the n*” homology
group with closed support of the open simplex. This remark leads us to the next definition.

Simplicial complex defined by complexes with indices in S(I). An algebraic variety over a
fixed variety X with indices in S is a covariant functor II : X; — X for s. € S. An abelian sheaf
(resp. complex of abelian sheaves )F is a family of abelian sheaves (resp. complex of abelian
sheaves) Fs. over X and functorial morphisms Fy, — Fs/ for (s.”) < (s.).

The direct image of an abelian sheaf (resp. complex of sheaves ) denoted II.F or s(Fs )s.es
is the simple complex(resp.simple complex associated to a double complex) on X:

ILF: = ®ses(ILF ) 5. | = [ T 1], d = Biep,js(=1) F(3i(s.)).

The variety X defines the constant variety Xs. = X. The constant sheaf 7Z lifts to a sheaf on
X. such that the diagonal morphism : Zx — @)s)=1/Zx, (thatis: n€Z— (...,ng,...) €
D|(s.)|=|1/Z defines a quasi-isomorphism Zx = ILII*(Zx). This is true since S(I) is isomorphic
to the category defined by the barycentric subdivision of an open simplex of dimension | I | —1.

1.5 Local definition of the weight filtration.

Our hypothesis here consists again of the nilpotent orbit (L, (N;)icnr, F, m, P) of weight m and
polarisation P and the corresponding filtrations (WJ )JCM-

We will use the category S(M) attached to M whose objects consist of sequences of decreasing
subsets of M of the form (s) = (M =51 2 52... 2 5, # 9), p>0.

In this construction we will need double complexes, more precisely complexes of the previously
defined exterior complexes. They correspond to objects with indices in the category M+ x S(M)
where the objects of M ™ are the subsets J C M including the empty set. Geometrically M
corresponds to a normal section to Y}, in X and J to Ajejdz; in the exterior DeRham complex



written as (L) ca on the normal section to Y and the decomposition M ~ (M —K)" x Kt
corresponds to the isomorphism CM ~ CM—K) . CK,

Notations. For each s. € S(M), J C M and integer r we define as, (J,r) =| sy | =2 | sxNJ | +r,
and for all (J,s.) € M x S(M) the vector spaces

Wi(J,s):= () W L F(J,s.):= F" VL, (as,(J,r) =] sx]|=2]sxNJ|+r)

S)\ES.
where W#A is centered at 0, then we define on the DeRham complex Q(L, N.), the filtrations by
sub-complexes W (s.) (weight) and F(s.) (Hodge) as

(13) Wi(s.) = s(Wr(J,8)gcm, F(s.):=s(F"(J,s.)scm

and finally

Definition: The weight (centered at zero) and Hodge filtrations on the combinatorial DeRham
compler Q*L = s(S(L, N.))s.cs(ar) are defined by “summing” over s. as:

(14)

FIQL):= s(F"(s.))s.esr) C $(L(s.))s.esar), We(Q°L):= s(W(s.))s.esr) C s(L(s.))s.esr)
Ex in dimension 2.

Let W12 = W(Ny + No), W! = W(Ny) and W2 = W(Ny), the weight W, is a double complex
where the first line is the direct sum for {1,2} 2 1 and {1,2} 2 2 of:

W2 AWk, S w2 awl e w2 awl, TR Wk aw
and
w2 awz, Ik awe, e wh awe TR 2 o
r+2 r—+2 r—2 r
The second hne for {1,2} is
12, W e e S e

which reduces to the formula in [26] for r = m.

1.6 The Complexes CXM[, and CK L.

To study the graded part of the weight, we need to introduce the following subcategories:
For each subset K C M, let Sx(M) = {s. € S(M) : K € s.} and consider the isomorphism of
categories:

S(K) x S(M — K)=Sg(M), (s.,s) — (KUs',s.)

We consider the vector space with indices (J,s.) € M.T x Sg M, and its associated complex

(15) Cr(J,s)Li= ) W e Cragum by Cr(s)Li= s(C(J,8)L) e+
K#s)\Es.

we define as well C,.(J, s.)NyL and C,.(J, s.)(L/N L) by replacing L with N;yL and L/N L, then
Cr(s.)ICL:= s(Cp(J,5. )N L) jeps+ and Cp(s.)QL:= s(Cp(J,5.)L/NyL) jeps+

Definition: For K C M the complex CEML is defined as

(16)

CFM L= 5(Cp(s.)L)s.csie(an)y CF MICL:= s(Cr(s)ICL) espear)y CF M QL= 5(Cr(s5.)QL)s 5, ()

K

In the case K = M we write CEL (resp. CKICL, CEXQL for CEKL (resp. ICL, QL instead
of L

K

(17)  CFL=s(Cr(J,8.))(ss)e K+ xS(K) = S((OKQS)\GS.W;;A(J7r_1)Gr(‘1/[;/((J,r)L)(J,s.)EKTXS(K)



2§. Main theorems on the properties of the weight filtration

In this section we aim to prove that the filtration is actually the weight of what would be in
the proper case a mixed Hodge complex in Deligne’s terminology, that is the induced filtration
by F on the graded parts Gr"Y of W is a Hodge filtration. For this we need to decompose the
complex as a direct sum of intermediate extensions of variations of Hodge structures (which
has a meaning locally) whose cohomologies are pure Hodge structures [5] and [24] in the proper
case. This is done in the following three subsections. In the first we prove a key lemma that
apply to prove the purity of the complex CX L. Once this purity result is established, we can
easily prove in the second subsection the decomposition theorem after a careful study of the
category of indices S(I). In the third subsection we give the global statements for a filtered
combinatorial logarithmic complex. For this we use the above local decomposition to obtain a
global decomposition of the graded weight into intermediate extensions of polarised VHS on
the various intersections of components of Y. This last statement uses the formula announced
by Kashiwara and Kawai [26] that we prove since we have no reference for its proof.

I. Purity of the cohomology of the complex CX L

In this subsection we introduce the fiber of the variations of Hodge structures needed in the
decomposition of Gr"Y. The result here is the fundamental step in the general proof. The
plan of this subsection is as follows. First we start with a key lemma relating the various
relative monodromy weight fltrations (centered at zero) associated to a nilpotent orbit L; N;
is compatible with W (N;) for i # j but shift Hodge filtration by —1, hence it is not clear
whether it is strict, however we need technical results to establish the purity and decomposition
properties and this key lemma provides what seems to be the elementary property at the level
of a nilpotent orbit that leads to the decomposition. Second we present a set of elementary
complexes. Finally we state the purity result on the complexes CX L which behave as a direct
sum of elementary complexes.

2.1 Properties of the relative weight filtrations

Given the nilpotent orbit we may consider various filtrations W7 = W (%;c;N;) for various
J C M. They are centered at 0, preserved by N; for ¢ € M and shifted by —2 for ¢ € J:
N;W,] ¢ N;W,/ ,. We will need more subtle relations between these filtrations that we discuss
in this subsection.

Key lemma (Decomposition of the relative weight filtrations) : Let (L, N;,i € [1,n], F) be a
polarised nilpotent orbit and let W':= W (N;) (all weights centered at 0 ), then :
i) For each subset A= {i1,...,i;} C [1,n], of length | A|=j

GTXVAL o~ @m.exAG’l"xz/_i? ---Grnv,[[,illL where X2 = {m. € 20 : S camy, = 1}
™ 'LJ 7
and if A=BUC B . . . . .
GT’XKC Gri L~arlVarV L ~ Gr,‘ffrc Gr' L

ii) Let N| denotes the restriction of N; to Gr7¢ and Np = SicpN], then WE induces Wi,(Nj)
on GTXVC.

i11) In particular the repeated graded objects in (i) do not depend on the order of the elements
in A.



Remark: This result give relations between various weight filtrations in terms of the elementary
ones Wi:= W(N;) and will be extremely useful in the study of the properties of the weight
filtration on the higher direct image. For example for N = Ny+---+ N, there exists a canonical
decomoposition

GTXV(N)L = EBm_gXTGT%:L e Gr,‘f,VLllL where X, = {m. € Z" : e yymi = 7}

The proof by induction on n is based on the following important result of Kashiwara [25, thm
3.2.9, p 1002]:

Let (L, N, W) consists of a vector space endowed with an increasing filtration W preserved by a
nilpotent endomorphism N on L and suppose that the relative filtration M = M(N, W) ezists,
then there exists a canonical decomposition:

GrML = &, GrMGrlV L.

Proof of the key lemma. To stress the properties of commutativity of the graded operation for
the filtrations, we prove first

Sublemma: For all subsets [1,n] D A D {B,C}, the isomorphism of Zassenhaus GTXVBGTXVCL ~
GT’XVCGTII;VBL is an isomorphism of MHS with weight filtration (up to a shift) W = W4 and
Hodge filtration F = Fy, hence compatible with the third filtration W4 or Fj.

Proof: Recall that both spaces Gr}" . GTZVC and GTXVC Gr)” " are isomorphic to wEnwf
modulo W& N WE, +WPn WY . In this isomorphism a third filtration like Fs (resp. W4) is
induced on one side by F}, = (Fk n W) + WE, (resp. W, =WANWE) + W, ) and on the
second side by F}/ = (Fkn W) + WP (resp. W/ = WANWE)+ WL, ). We introduce the
third filtration F” = FEnWE NWE (resp. W/ = WANWE NWE) and we notice that all
these spaces are in the category of M H.S, hence the isomorphism of Zassenhaus which must be
strict, is compatible with the third filtrations induced by Fj4 ( resp. W4 ).

Proof. i) Let A C [I,n] and i € A, then W4 exists and induces the relative weight
filtration for N; with respect to W(A=9. Then we have by Kashiwara’s result GerVAL =
EBkGTF/AGTE/(Aﬂ)L. Let us attach to each point (k,[) in the plane the space GTXVAGTE/(A%L
and let M; = @lGerA Grlmj;Aﬂ)L be the direct sum along indices on a parallel to the diagonal
(shifted by j) in the plane (k,l). Then we have for j > 0

(N;)7 GTKI;GTE/(A%L ~ GT’Z[?G?“ZV(A%)L, (N;)? : My~ M_;.

This property leads us to introduce the space V = EBlGerAL o~ EBl,kGerA GTZV(A_i)L, then N; on

L extends to a nilpotent endomorphism on V', N; : V. — V inducing N; : GerAL — GT’IVL/;L on
each [—component of V. We consider on V two increasing filtrations W: = &;_j< sGerA Gr,‘f/(A_i) L
and W/: = @lW;Grl‘/VAL. Then N; shift these filtrations by —2. In fact N; : W. — W!_, sends
GTYVAGTE/(A%L to Grlm_/;Gr,?/(Aﬂ)L and (N;)’ induces an isomorphism Gr;’V/V o~ GTH/]»IV. As
well we have an isomorphism Gr}/V”V o~ GTH/]»”V, since (N;)7 : (Gr;’ViL, WA Fy) ~ (GTW;L, WA Fy)
is an isomorphism of M HS up to a shift in indices, hence strict on W4 and F, and induces an
isomorphism Gr}/viGerA o~ GTW;GT}/I_/;].. Then these two filtrations W, and W/ are equal by
uniqueness of the weight filtration of N; on V, that is

i)

. A (A—i) A (A—
w! = EBkJW;Ger G?“ZV L=W!= @l,kgsGer G?“ZV L



that is WgGTWAGTZV(A_i)L = GT;/VAGTE/(A_”L if l —k < s and WgGTWAGTE/(A_i)L =0
otherwise, or

el GV L~ arV G GrlV T Loand for all 1 £ k4 K, GV Gl arl) T L~ 0.
In other words: W4 induces a trivial filtration on GT‘W Gr W( VL of weight k + k' that is
wA WA—i WA—i wi W(A—i) w
G'I"l L ~ @kG'I"l G'I" L ~ @kG'I"l G'I"k G'I"l_k,L ~ @kGrk G'I"l_k.L

Now if we suppose by induction on length of A, the decomposition true for A — ¢, we deduce
easily the decomposition for A from the above result.

ii) We restate here the property of the relative monodromy for W4 with respect to W¢.

iii)In the proof above we can start with any i in A, hence the decomposition is symmetric in
clements in A. Tt follows that the graded objects of the filtrations W, W, W7} commute and
since W7 can be expressed usmg these filtrations, we deduce that W% W7", W7 also commute,

for example: Grg[j_{bz_:cj}G (Il/‘-/f—{blj Gr Wz ~ GriV’ GTII;V GrlV W g symmetric in ¢, j, 7

Corollary: The morphism Nj mduces for all j, exact sequences for all integers r :
0 — Wi NnkerN; — WL — W/ N;L — 0 and 0 — Wi " N;L. — Wi L — W (L/N;L) — 0.

w i J}G Wl

Proof: N;j is strict for W and W14} hence we have the above exact sequences for Gr b

Wi~ Wi
Gr, " Gry’ .

2.2 Elementary complexes The proof of the purity uses the following simplicial vector
spaces. For each J C [1,n], let

W Wi
K((ma,--ymn), J)L = Gry " o= Gy oy Gro —oping L

(resp. for L/NjL and NyL). For all i ¢ J, the endomorphism N; induces a morphism denoted
also N; : K((mq,---,my),J)L — K((my,--+,my,), JUi)L, (resp. for L/N;L and N;L instead of
L), then we consider the following elementary complexes defined as simple associated complexes:

(18) K(my,---,mp)L:= s(K((ma, - ,mu), J)L, Ni) yciin)

(resp. K(ma, -+ ,mp)QL:= s(K((m1, -+, mn), J)L/NyjL, Ni) jc|1,n)

and K(ml, s ,mn)IC’L = s(K((ml, ce ,mn), J)NJL, Ni)JC[l,n])-

Proposition: i) For any ((my,---,my) € Z™ let J(m.) = {i € [1,n] : m; > 1}, then the cohomol-
ogy of an elementary complex K(my,---,my)L is a subquotient of K((my,---,my),J(m.))L,
hence concentrated in degree | J(m.) |. Moreover it vanishes iff there exists at least one m; = 1.
More precisely, if nom; = 1, the cohomology is isomorphic to  K((ma,- -+, my), J(m.))[(Nig s(m.) (ker Nj :
L/(ZjesomyN;L) — L/ (3jesm)NiL))],

moreover this object is symmetric in the operations kernel and cokernel and is isomorphic to
K((ma, -+ ;mn), J(m)(Nim, <1yker Ni) [ (Eggam,; 13 Ni (Ogim, <1y ker Ni))

that is at each process of taking G’I“,%Z we apply the functor ker if m; ¢ J(m.) and coker if
m; € J(m.).

i) If there exists m; > 0, then K(my,---,my)ICL ~ 0, hence

K(my, - ,mp)L ~ K(my,---,m,)QL.

i) If all m; <0, then
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K(my, - ,mp)ICL ~ K(mq,---,my)L ~ Gr%?---GrWl

my Niein) ker(Ni : L — L).
Proof. i) It is enough to notice that NN; is injective if m; > 0, surjective if m; < 2 and bijective

if m; = 1. In fact, given N; we can view K(mq,---,m,)L as the cone over
N;: K(mq, - ,myg,--- ,mn)(GT}VrZ L) = K(my, -, m5, -, mp) (GrV' ,L).

Hence if m; > 0 (resp. m; < 2), that is N; is injective on Gr,‘f{; (resp. surjective onto Grrvr[{;—z )
K(mla Tty Mgyt amn)L = K(mla : ,ﬂ/’L\i, T ,mn)(GrnVEL/:_Q(L/NZL))[_l]
(resp. K(ml’ o ’n/’L\i, o ’mn)(Grn%Z(keTNi L — L))

where K (my,---,mj, -+, my) is viewed for the nilpotent orbit GrnV,ZZ_QL/NiL

(resp.GrV' (kerN; : L — L)) with the nilpotent endomorphisms N. ; induced by Nj for j # .

ii) K(mq, o ,mp)ICL can be viewed as a cone over ’

Ni: K(my, - 5, ,mp)IC(GriV L) — K(my, - g, -+ ,mp) IC(GrlY"_yN;L)
where K (my,---,m;, -+, my)(Gr)Y L is viewed for the (n — 1) — dim nilpotent orbit Gr)V L. If
m; > 0, then NN, is an isomorphism.
iii) If m; < 0, then the above N; is just surjective and K(my,---,my)ICL is isomorphic to
K(mq, -, Mg, ,mp)IC(Gri¥ ker(N; : L — N;L), then (iii) follows by induction on i.

2.3 Main result  Theorem (Purity). Let L be a polarised nilpotent orbit ( local hypothesis 2
(1, 1.3)), then the compleves CXL in (§1, I1.3) where we suppose K = M of length | K |= n,
satisfy the following properties

i) Let v >0 and T'(r) = {(m1,---,mp) € N" : Vi€ K,m; > 2 and Yjcgm; =| K | +r}
then the cohomology of the complex CX L is isomorphic to that of the following complex

Cf(L = C(T(T)) ~ @(ml,---,mn)eT(r)K(mh cee ,mn)L

In particular its cohomology, concentrated in degree | K |, is isomorphic to

GTKTK‘ [L/(Siex NiL)] ~ @y mm)er) GTin" oGPy GrIW' L [L)(Siex NiL)]
it is a polarised Hodge structure of weight r +m— | K | with the induced filtrations W (shifted
by m) and FX. Moreover, if r =0, the complex CXL is acyclic.

i) Dually, for r <0, let T'(r) = {(m1,---,my,) € Z" : Vi € K,m; <0,38jcgm; =| K | +r},
then the complex Cf(L s isomorphic to the following complex

CTKL = C(T/(T))[l_ ’ K H s 69(77117~~~m’bn)ET’(7’)}-((”7‘17 cee 7m7l)L[1_ ‘ K H

In particular its cohomology, concentrated in degree | K | —1, is isomorphic to
GT’KTKﬂ(mieK(k@TNi L — L] ~ @(mh---,mn)ET’(r)GTKnn e GT,Y,VL; e Gr,‘f{ll[(ﬂieK(k:erNi L —
L]
it is a polarised Hodge structure of weight r +m+ | K | with the induced filtrations WX (shifted
by m) and FK .

i4i) The complex CX L is quasi-isomorphic to CXQ (16) forr > 0 and to the complex CKICL
(16) for r < 0.
Remark: Ifr € [1,| K | —1], T(r) is empty and CXL is acyclic. If r € [~ | K | +1,0], T'(r) is
empty and CX L is acyclic. In all cases CK L appears in Gr’VQ* (L).
Proof: The important fact used here is the particular decomposition for a nilpotent orbit of the
relative filtrations, that is the isomorphism, functorial for the differentials of CX L

WK 3N ~ wn W’L Wl
GT@K(J,T) (QKQSAES-WaA(J,rfl))L - EBm.eX(J,S,,r)Grmn e Grmi T Grml L,
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where for all (J,s.) € KT x S(K),
X(J,s,r)={m. € Z" : Ljcgm; = ax(J,r) and Vs € s., Ejes,mi < ax(J,r—1)}

In particular, if we define for J = &, X (s.,7) = X (9, s.,r),
X(s.,r)={m. € Z" : Sjcgm; =| K | +r and Vsy € s.,Ejes,m; <| sy | +r — 1},
the complex CX (s.) splits as a direct sum of elementary complexes

C,{((S) = @X(s.,r)K(ml, cee >mn)-

On the otherside for a fixed J C K we consider the complex defined by the column of vector
spaces

CE(T) = s[CF (T, 8)s.es0) = 8[Bmexs.mnE (M1, ....mn), Nsesir)-
We want to show that each column is an acyclic complex if ((my, - --,my,) ¢ T(r) and a resolution
of K((mi,...,my),J) otherwise (if ((my,---,my) € T(r)).
This is just a combinatorial study, which helped to formulate the statement after an explicit
study of the theorem in case n = 2 and n = 3. We give a proof based on the following facts:

Lemma: i) Let r > 0, then for each i € K the sub-complexes
CF(WIL) = 8(D,,, cx(s.r) and my<a (M1, m0) L) e5(50)

as well CE(IC(W{L)) are acyclic. More precisely for r > 0, each column
CK(I)(WiL) = s(CH (J, s)(WiL).esx) is acyelic.
1) Dually, for r < 0 and for each i € K the quotient complexes

CH(L/WIL) =~ S(@m_EX(S.,r) and mi>2 K (M1, -+ mn) L) es(k)

are acyclic column by column.
Proof: We distinguish in S(K') the subcategory S/ whose objects s. contain K and K —i. The
complement S(K)— S/ is a full subcategory of S(K) since if we delete a subset in s. € S(K)— S/
we still have an object in this subcategory. Hence the sum C/:= S[Cf((s.)]s.es(K)_Sl(/ is a
subcomplex of CX L whose quotient complex is C(S): = s[CK (s.)]s.csr-

Dually, we consider S} C S/ whose objects s. contain {i}. The complement S (K)—5S"1isa
full subcategory of S(K) since if we delete a subset in s. € S(K) — S!” we still have an object
in this subcategory. Hence the sum C}": = s[CE (s.)]5 c5(x)— s is a subcomplex of CK L whose

quotient complex is C'(S!"): = S[ng(s-)]s.esg”-

Sublemma: In the exact sequence
0 — Cf(WiL) — CE(WIL)[1] — C(S{)(WiL)[1] — 0

the complezes at each side are acyclic (column by column if r > 0), so is the middle complex.
Dually, in the exact sequence

0 — CI"(L/W{L) — CE(L/WIL)[1] — C(S!)(L/WIL)[1] — 0

the complexes at each side are acyclic (column by column if r < 0), so is the middle complez.
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Proof. We write s. as (s. D s,Ui D s,—1 D s.”) wherei ¢ s, and distinguish in the objects
of S(K) two families : S; whose objects are defined by the s. satisfying s, 2 5,1 (including the
case $y,—1 = &) and SZ( whose objects s. satisfy s,_; = s, (including the case s,—1 = @, that is
Sy Ui =1).

We form the complexes C(S! — S!): = s[CE(s.)],c5r—gr (resp. C(S;):= s[CE(s.)]s.es, If
we delete s, Ui in s. € S] — S/ we get an element in S; . then removing s, U7 can be viewed as
a morphism ds,; : C(S; — S!') — C(S;) and the cone over this dg,; is equal to C/'[1].

Now, if we reduce the construction to W{L and if s. is an object of S!, the condition m. €
X (s.,r) associated to s. when s,_1 = s, # @ (resp. S, U1i) is Xjeq,mj <| s, | +17 — 1 (resp.
m; + Xjes,mj <| s, Ui | +r — 1), but precisely when m; < 2 (that is in W{L the condition
for s, is equivalent to the union of the conditions for s, and s, U4, that is ds,u; induces an
isomorphism for such object in S, — S/.

When s,_1 = @ and if r > 0, the condition m; < r is irrelevant since already m; < 1 and
r > 1, so that d,,u; induces an isomorphism for all objects in S, — S/ (if r = 0 the difference are
complexes K(myq,..., my) with some m; = 1, hence acyclic ).

Dually, S/’ whose objects s. satisfy s,_1 = s, = &, that is i € s. is contained in S} , then
the cone over the morphism ds, , : C(S, — S/")(L) — C(S;)(L) is isomorphic to C!”[1]. When
m; > 0 the condition for s, U1 is equivalent to the union of the conditions for s, = s,_1 # &
and s, U4, that is ds, , induces an isomorphism for such object in S} — S/”.

Finally we prove C(S!)(W{L) = 0. In fact the conditions for K and K —i in any s. € S/ are
Yjexmy =| K | +r (vesp. ¥jcx—iyymj <| K —i | +r — 1), hence we get by difference m; > 2.

Dually,C(S?)(L/W{L) = 0. In fact the condition m; < r corresponding to i € s. € S is
not compatible with m; > 0 when r < 0 which ends the proof of the sublemma.

On the otherside, it is easy to check that

Lemma: The complex C(T(r)) is contained in each CX(s.) that is T(r) C X (s.,7). Dually, the
complex C(T'(r)) is contained only in CX(s.) for s.= K.

We check the condition Vsy € s.,¥;es,m; <| sy | +r — 1} for all m. € T'(r) by induction:
Yjexkmj=|K | +r=VA=K -k C K,Yjeam; <| A| +r — 1 by substracting mj, > 1. If this
is true for all A:] A|=athen VB=A—k C A,X;cpm; <| B|+r —2 as well.

Dually, the condition for K, ¥jegm; =| K | +r = VA= K-k C K,Xjcam; >| A| +r—1by
substracting my, < 1. If thisis trueforall A :| A |= athenVB = A—k C A,¥jcpm; >| B | +r—1
as well.

Finally, we form the complex C(r) = s(C(T(r));.cs(x) € CF L and we deduce
Lemma: i) The quotient (CEKL/C(r)) 220 is acyclic.

ii) For any mazimal index s. € S(K), the embeddding C(T(r)) C CK(s.) induces a quasi-
isomorphism C(T(r)) = CKL.

i4i) Dually, the quotient [CKL/C(T'(r))(s. = K)] 220 is acyclic.

Proof. i) Since any element of the quotient can be represented by an element in a subcomplex
K(my1,...,my) with some m; < 2 we can apply the lemma above for some W/{L.

ii) ds,u; induces an isomorphism on the complexes obtained as sum of C(T'(r)) over S. — S/
and S;, hence the cohomology of C(r) comes from C'(S!). All elements s. in S/’ contain K D> K —1,
so we can repeat the same arguments in the category S(K — i) but for j # i, so (ii) follows by
induction.

iii) The assertions for CXICL and CXQL (20) follow from the the corresponding isomor-
phisms C(T'(r))L ~ (C(T(r))ICL and (C(T'(r))L ~ (C(T"(r))ICL.
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Remark (duality). Given a polarised nilpotent orbit (L, N;(i € M), P), the local duality
induces an isomorphism:

df . CEL[2 | K| —1] ~ Homg(CE L,Q)
hence HY(CKL)[2 | K | —1]) = H*2KI=1 ~ Homg(H~*(CX.L),Q) and for i = 1— | K |:

d5 . HE(CK L) ~ Homg(HIXI7Y(CK L), Q)

The duality is constructed as follows: For each s. we define C(s.) = {s’. € S(K) :| s'. | + |
s.|=| K | +1 and s.Us'. is maximal }, that is to say s. is complementary to s’. except that both
must contain K, then we define: P*: C,.(J,s.)®@C_,(J',s".)) — Q as P*(a,b) = P(a,b) for J =
K—J and s'. € C(s.) and zero otherwise (P* is non zero on C.(J,5.) @ (Dy cc(s)C—r(K —J,5".)).

It can be checked that the induced morphism P* : CXL[2 | K | —1] — Homg(CE.L,Q)
commutes with differentials.

The relation between CX L and CEM L

The following result will be important in the general proof of the decomposition of Gr)YQ* L
as direct sum of intersection complexes.

Proposition: Let H= H*(CKL), considered as a nilpotent orbit with indices i € M — K, then
i) We have : CEMTL ~ W _1Q*(H)

ii) For r >0, CEM[, ~ CEMQI,

Proof. i) We can write (K x S(K) x (M — K)" x S(M — K)) ~ M+ x Sg(M), with the
correspondence (J, s., J',s.") — ((J,J'), (s’ U K, s.)) then using the relations:

Das, ((J,J"),r —1) = as, (J,r — 1) when sy C K

2)ag ((J,J),r —1) = ay (J', 1) + ax(J,r) and

sLUK wk . s/ wkK . UK - . K
a:&uK((J,J’),rfl)(GTaK(J,r)) = Wa:& (J/,fl)(GTaK(J,T)) since WYUK is relative to W
we find
KMy._ WK ~
CrYL:= S(QK;ésAe(s.’UK,s.)W;:A((J7J/),r71)G7aaK((J,J'),r)L)((JJ’),(SfUKvS-))EM*XSKM =

KUs!, K s
[Ny es.r . (P (Jr—1) (s[Gra¥ (1 (Nk2s1es.Wa. -y Hs)ert s snei-r)rxsa-K)

~ S[QSS\ES.’W;;A(J/7_1)(Cg(L)](J’,S.’)E(M—K)jL xS(M—K)

sh K K KUs),
where ms&és.’Wa:\;\ (J',—1) (Cr L) =C; (HSS\ES.’WQS/A (j/7_1
L.

This formula shows that CXM [ is constructed in two times, once as C¥ over K+ x S(K) (that
is a space normal to Y ) and once as a weight filtration over (M — K)* x S(M — K) (that is
the space Yik).

ii) Let H' = H*(CKIC(L)) then the above proof apply word for word to show (notation 18):
CEMIC(L) ~ W_1Q*(H'). For r > 0,H' = 0, hence CKM[C(L) = 0 and the isomorphism in
(ii) follows since CEMQ(L) ~ CEM L /CEMC(L).

)L) is defined as above for each subset of

II. Local decomposition.

Theorem (decomposition): For a nilpotent otbit L of dimension n, there exist canonical injections
of CEML, in GrYY(Q*L) which decomposes in the category of perverse sheaves (up to a shift in

14



degrees) as a direct sum
GrV(OVL) ~ @y CEML,
Moreover Gr}Y(Q*L) ~ 0 is acyclic.
To carry out the proof by induction on n, we use only the property Grg)/v (Q*L) ~ 0 in dimension
n — 1 to get the decomposition in dim n, then we use the fact that Cé( L for all K is acyclic to

get again Grg)/v (Q2*L) ~ 0 in dimension n so to complete the induction step. For n = 1, K and
M reduces to one element 1 and the theorem reduces to

GrVV ~C'L: = GrmllL&GrlelL

By the elementary properties of the weight filtration of Ny, it is quasi-isomorphic to GV’ 11 (L/N{L)[—

ifr >0, Grmll(keer :L— L)ifr <0and GrlV L ~0.
For higher dimensions, the proof is carried in various steps.
The complezes AKML, BEM[, and DEM L,
Fixing the dim. n, the proof is by induction on the length | K | of K in M. For r € Z, K fixed
and (J,s.) € M x SxkM we consider the space V(J,s.) = (), cx wex L, and the
. SAGK sx€s. " as, (Jr—1)
filtrations of V: Wl(J,s.) = WE  (V(J,s.), W2(J,s.) = Ngceyes. Wa2 () (V (7 5.))
so that Wi(J,s.) NW2(J,s.) = MNicsyes. W;;A(Jrﬁ-t)
By summing over (J,s.), we define the complexes
ABY = Sy WV 8 WE 1y VAV 8D nsearsan
BTI’( - [GTO WaK(Jr 1)(ﬂ3AgK,s)\€s. Wa:\)\ (J,rfl))L](J,S.)EM.+XSK(M)

W2(J,s. K §
DIM = s[Gr ( )GT‘II/II/((JT‘)(HSAQKﬁ)\ES- Wa; (Jﬂ’—l)L)](J’S')EM'+X5K(M)

Lemma: For all K C M, there exists a natural quasi-isomorphism
BEM[ @ CEM = AKM],

The proof of this lemma reduces to two sublemmas.

Sublemma: For oll K C M, there exists an exact sequence of complezes
0—>B§M@C7{(M—>A£(M—>D£(M—>O

The proof is based on the following elementary remark:

Let W fori = 1,2 be two increasing filtrations on an object V of an abelian category and a; two
integers, then we have an exact sequence

0— W2 1G7°W oWl 1G7"a2 — Wg, NWZ /W, 1—>G7°W GTW2—>O

s

We apply this remark to the space V(J,s.) = ﬂs)\gK syEs WaA (Jr_l)L, and the filtrations W?
El M S\ bl

and W2 of V for a; = 0 and ay = 0, then we deduce from the above sequence an exact sequence
of vector spaces
0— Gr "Wk 1)(V) & W2, (J,5)GriV (V)
= WE L OWEV)/WE 0 W2 (V) = G e (V) =0
The sublemma follows by summing over (J, s.).
Next we prove by induction on n for the general theorem, (not only the lemma)

Sublemma: DEM = (.
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Proof. The idea of the proof is to write DXM as Gr§¥(Q*(CE L)) ~ 0 where CE L is viewed as
a nilpotent orbit on M — K (that is the fiber of a local system on Y}, _,-) and use the induction
to prove it is zero. We can either use that CX L is reduced to its unique non zero cohomology
or as well prove the acyclicity for each term in CX L, what we do as follows.

We simplify the notation from W2 above to

s K s .

WK, J,s.):= Nk csyes. Wa;A(J7r+t)Grc‘L/[}/((J,T)(ﬂskgKvSAes. Wa:;\(J,T—l)L) so to write the com-
plex as DEM [, = s(GrW (K Js. )L)(J,s.)eM_-FXSK(M)’ then we use the decomposition of Sg (M) to
rewrite W as

Kus!, K s
WtO(K’ (J J/) (K U S',a 5)) = ﬂs&es ! W (J' aK(JT)+t)G v (J,r)(ﬂsAgK,S)\ES. Wa;\)\((J,J’),r—l)L)

K

= ﬂs&ES’W 1 (It )GT(II/I[/((J,T)(HS/\QKvs/\ES WS A(Jr—1) )

and the Complex

DEML = s[s[Gry"” (K, (J, J')(K U s, ) L]0 )ek.+ xS()) (s )e (M~ K) + x S(M—K)

as a sum in two times over (J,s.) € K.7 x S(K) and (J',s.) € (M — K).* x S(M — K)). For
: WK s :

a fixed (J,s.) we consider L(r, J,s.):= GTaK(Jr)(msAgK,sAes. Wa%(]’ril)L) and the filtration by

subspaces W/O(L(r, J,s.)): = ﬂs/AEs , W ez t)( (r,J,s.) and finally the complex

DM — K)(L(r, )= slGrl (L0, 50 wyeius 1) 5o
By construction
DFML = s[D(M — K)(L(r, J,5.)](1.5. ).+ xS(K)-
We prove by induction on n: D(M — K)(L(r, J,s.) ~ 0. First we embed D(M — K)(L(r, J,s.))
in the complex

K

/0
D'(M — K)(L(r, J)): = s[Grg” (Gry (I se(—K).+ xS(ai—K)

using the embedding L(r, J,s.) C G’I“ (Jr)L Now we introduce the weight filtration VW on

the combinatorial DeRham complex Q*(Gr E::((Jr) ) for the nilpotent orbit G’I“ e ( Jr)L of di-
mension strictly less then n and weight ax(J,7) and we notice that D'(M — K)( (r,J)) ~
GryY (Q*(GTWI((JT) )) ~ 0 which is zero by induction in dimension n — 1. Now D'(M —
K)(L(r,J)) is a complex of M HS and W > Nr—1) (up to a shift) is a filtration by subcomplexes
of MHS, so we deduce by strictness that for each r, J, s. the complex D(M — K)(L(r,J,s.) ~0
is zero. This ends the proof of the sublemma and hence the lemma.

Proof of the decomposition theorem

For each i €N we define a map ¢; : S(M) — P(M) to the subsets of M such that M D
©i(s.) = Sup{sy :| sx |< i} and for each (J,s.) € M.T x S(M), the filtration with index ¢ of L,

SX

Wtz(sp’i(s‘)? J’ S‘): = ﬂgpi(s_)gskEs_(W;;\/\ (Jﬂ“—l—t))(ﬂSACSDi(S-)ﬁ/\eS- WQSA (J,T‘—I)L)’
2(,.
We define G;(J,s.)(L) = Grgv (i) 75) 1 then we consider the complex
2 i\S. S.
GZ(S) = s(G;(J, 8.)L)JCM = S(GT(I)/V (ils), )L)JCM, G;SML = S(Gi(s-))s.ES(M)
In particular, when @;(s.) = @, G;(s.) = GTXV(S')LS' so that for 7 < 0, G’ZSML = GTXVSMLSM

and when i =| M | —1, G¥ML = CML. Hence the proof of the decomposition theorem will
follows from the
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Lemma.
6 = aflf o o

Now in order to compare G7™ L and GPM L, we consider the category S'(M) = {s. € S(M) |
s. | = i} which is not a subcategory of S(M) but S(M)— S (M) is a subcategory such that the
restrictions of G; and Gty define two subcomplexes: G} = s(Gi(s.))s.cs(m)—si+1(m) C GIM [,
and Gj, = 8(Git1(s.))s.esmy-si+r ) C GPML. We have Gj,; = G} since ¢; = ¢;41 on
S(M) — S™L(M).
The next step is to compute the quotient complexes, for this we remark: S (M) ~ @|K\:i+1SK(M)
and @;11(s.) = K for s. € Sk M, then :

S+ (M
Gi-i—l 0 = Gz‘SJ%L/GéH = S(Gz‘ﬂ(s-))s.eSiH(M) = @\K|:i+18(Gi+l(5'))s.€SK(M) = @|K\:i+1B7{(M

On the other side, when s. € SxkM where | K |= i+ 1, Gi(J,s.) = GT(I)/VI(%(S')’J’S')L, and

Gfiﬂ(M} = 5(Gi(8.))s.esoem = AKM, so that
SHL(M
G = GEM LG~ s(Gi(s.))s et ) =~ Birci=i18(Gil8))s ey = Blic|=i 1 AKX M.

Now we deduce from the quasi-isomorphism BXM @ CKXM = AKX M that GEHI(M) = AKM =~
Gfﬁl(M) @ CEM hence GZM /G = (GZM /GlL,) ® CEM | which proves the lemma since G} =
/

i1
ITI. Global construction of the weight filtration.

For each subset sy C I such that Y;, # @ we write W*» = W(Z;es, ;) for the filtration by
subbundles defined by the nilpotent endomorphisms of the restriction EYSA of Lx to Y}

oy » inducing

also by restriction and for each subset K D sy a filtration on Ly, . Since (2% (LogY) ® E%a'))y
is acyclic if there exists an index j € M such that o # 0 (see the formula (11) and the remark
below), we can suppose from now on the local system unipotent.

Definition ( the weight and Hodge filtrations). The weight filtration is defined for L unipotent,
on the following combinatorial logarithmic complex

V(L) = (2, (LogY) ® Lx, )s.es

as follows: let M C I,| M |=p and y € Y}, then in terms of a set of n coordinates y;,i € [1,n]
where we identify M with [1,p] on an open set Uy ~ DIMI 5 D"=P containing y and a section

f = (fS')s.ES

d
[P =Yscmpnm=cf]p ;}J A dy,
S * S. m S
f=(f")ses eW(V(L)) v, & VI, N C M, f5,/YNOU, € 6y € 5.8, C NWai(M)(ﬁ/YNmUy)

By convention we let for all integersr, W,/ X =Y = Q*(L)/X =Y, so that W, is the direct image
for r big enough and the extension by zero for r small enough. It is a filtration by subcomplezes
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of analytic subsheaves globally defined on X. The Hodge filtration F' is constant in (s.) and
deduced from Schmid’s extension to Lx

FP(s)=0— FPLx... > Q% (LogY)® FP"'Lx, — ..., FP = s(F?(s.))ses

Theorem: Consider a unipotent local system L underlying a variation of polarised Hodge struc-
tures of weight m; then the complex

(19) (Q°(£), Wim], F)

with the filtrations W and F' defined above satisfy the decomposition and purity properties. More
precisely, for all subset K C I and all integers r > 0 (resp. v < 0), let (LK, W, F) denotes the
bifiltered local system underlying a polarised VHS on Y of weight r—|K|+m (resp.r+|K|+m)
and of general fiber (HEI(CK L), W, F) of weight induced by W?"SEIKHW and F defined by L (resp.

(HKI=YCE LY, W, F) forr < 0 of weight induced by W:JI:|K\+m ). Then we have the following

decomposition into intermediate extensions (up to shift in degrees) of (VHS) LK compatible with
the local decomposition

(GO L F) ~ @gc i (CE[— | K ), W2 | K ], F[— | K |, for 7> 0 and j5 : Vi — Y
(@I L, F) = @i LE L | K | W[-1], F), forr <0
(Grﬁ[m}Q*E,F) ~ 0

that is for r > 0 the weight is coincides with the weight for Hodge structures but for r < 0
the true weight for Hodge structures isr+m+1 .

i11) The projection on the quotient complex (X*(L)/j1 L, W[m], F) with the induced filtra-
Wim] F) forr > 0.

r+m
Proof. The decomposition of (er[m}Q*(ﬁ),F) reduces near a point y € Y,; to the local

rTTm

decomposition of GrﬁmQ*L for the ;ilpotent orbit L defined at the point y by the local system
since CEM is precisely the fiber of jELE[— | K |] for r > 0 (vesp. jELE[1— | K |] for r < 0.
The count of weight takes into account for r > 0 the residue in the isomorphism with L that
shifts W and F' but also the shift in degrees, while for » < 0 there is no residue but only a shift
in degrees, the rule being as follows:

Let (K, W, F) be a mized Hodge complex then for allm,h € Z, (K', W', F") = (K[m], W|m —
2h], F'[h]) is also a mized Hodge complex.

The same proof apply for r = 0, hence W_; >~ W is isomorphic to the intermediate extension
of £ by Kashiwara and Kawai’s formula, that we prove below. The assertion (iii) follows from

the assertion (iii) in the purity theorem corresponding to a result on CXMQL.
Proof of Kashiwara and Kawai’s formula: ji.L[2n] ~ WoQ*(L[2n]).
In this subsection we give a proof of the formula of the intermediate extension of £[2n|, an-

nounced in [26], which is in fact the subcomplex WyQ*(L[2n]). It follows easily from the local
decomposition of the graded parts of the weight filtration, by induction on the dimension n.

tions, induces a filtered quasi- isomorphism on (Gr

Theorem. The subcompler WoQ*(L[2n]) is quasi-isomorphic to the intermediate extension of
L[2n].

The proof of this theorem is by induction on the dimension n. It is true in dimension 1 and
if we suppose the result true in dimension strictly less than n, we can apply the result for local
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systems defined on open subsets of the closed sets Y, namely the local system £E[— | K |[]) for
r >0 (resp.LE[1— | K |]) for 7 < 0) whose fiber at at each point y € Y}; is quasi-isomorphic to
CKL. Let jX : Yy — Yk be the open embedding in Yx and consider the associated DeRham
complex Q*(LX) on Yy whose weight filtration will be denoted locally near a point in Yy by
WM=K for K C M; then by the induction hypothesis we have at the point y: W_1Q*L ~ WyQ*L
is also quasi-isomorphic to the fiber of the intermediate extension of £, that is

vr > 0,CFM(L) = (GELX[- | K )y = W RCFL

and similarly for » < 0.

We use the following criteria caracterising intermediate extension [17]:
Consider the stratification defined by Y on X and the middle perversity p(2k) = k—1 associated
to the closed subset Y2 = U g |=r YKk of real codimension 2k. We let Y21 = V2% and p(2k—1) =
k—1. For any complex of sheaves S. on X which is constructible with respect to the stratification
,let S.28 = 8261 = § | X — Y2 and consider the four properties:

a) Normalisation: S. | X — Y2 22 £[2n)]

b) Lower bound: H!(S.) = 0 for all i < —2n

¢) vanishing condition: H™(S.2:+1D) = H™(S.2k+1) = 0 for all m > k — 2n

d) dual condition: H™(j}, S.2k*1)) = 0 for all & > 1 and all m > k — 2n where jo; :
y?2k — y20k+1) , x — y2(k+1) ig the closed embedding,
then S. is the intermediate extension of £[2n].
In order to prove the result for n we check the above four properties for WyQ2*(L[2n]). The first
two are clear and we use the exact sequences

OHWT,1—>WT—>GT7YV—>0

to prove d)(resp. c¢)) by descending (resp. ascending )indices from W, to W,_; for r > 0 (resp.
r—1tor for r < 0) applying at each step the inductive hypothesis to Gr)".

Proof of d). The dual condition is true for r big enough since then W, coincides with the
whole complex, that is the higher direct image of £[2n] on X —Y. Now we apply d) on Yx with
| K' |= K for j}, : Y2k MY — V2D N Y — Vi — Y2+ 0 Yy where we suppose k > &/
( notice that Y2* N Yy = (Y N Ygr)2*=K) | then for S./ equal to the intermediate extension of
LE'[2n — 2K') on Yy we have the property H™(j'5, S.2k=F)+1y = 0 for all (k— k') > 1 and all
m>k—Fk —2(n—k)=k+k — 2n which gives for S./[k'] on X: H™(j}, S.2k+1[K']) = 0 for
all £ > k' and all m > k — 2n, hence d) is true.

If k = &/, then Y?* N Yy = Yx and we have a local system in degree k' — 2n on Y/ —
Y2+ N Y hence d) is still true and for k < k', the support Ygr — Y2+ 0 Yy, of S/ is
empty. From the decomposition theorem and the induction, this argument apply to GrYY and
hence apply by induction on r» > 0 to Wy and also to W_j.

Proof of ¢). Dually, the vanishing condition is true for r small enough since then W, coincides

with the extension by zero of £L[2n] on X —Y.
Now we use the filtration for r < 0, for S.” equal to the intermediate extension of Effl [2n — 2K]
on Y& we have for k > k: H™(S26=F)+1) — 0 for all m > k + k' — 2n, which gives for
Sk +1], (r <0) on X: H™(S.2(k+1)) = H™(S.2k+1) = 0 for all m > k—1—2n. If k = ¥, then
S.[k' + 1] is a local system in degree —2n +k — 1 on Yy — Y**! and for k < k/, Ygr — YF+1 is
empty.
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Corollary: If we suppose X proper and we replace the filtration W by W' with W/ = W, for
i >0 and W, =0, then the bifiltered complex

(L), W"[m], F)

1s a mized Hodge complex .

3§. The complex of nearby cycles V(L).

Let f: X — D and suppose Y = f~1(0); the definition of the complex of sheaves of nearby
cocycles on Y is given in [11]; its cohomology fiber at a point y equals the cohomology of the
Milnor fiber F, at y in Y. The monodromy 7 induces an action on the cohomology H*(V ¢(L) R
H i(Fy, L) and on the complex itself viewed in the abelian category of perverse sheaves. It is
important to point out that the action on the complex is related to the action on cohomology
through a spectral sequence and precisely in our subject we need to use the weight filtration on
the complex itself and not on its cohomology.

The aim of this section is to describe the weight filtration on W;(£). This problem is closely
related to the weight filtration in the open case since there exists a close relation between \Iﬂ]ﬁ(ﬁ),
the direct image j«L and jiL as explained in [2] ( and previously in a private letter by Deligne
and Gabber)

Proposition [2]: Let N = LogT*" denotes the logarithm of the unipotent part of the monodromy,
then we have the following isomorphism in the abelian category of perverse sheaves

(20) WL/l =~ Coker(N: V(L) — Wi(L))[-1]

The filtration W(N) on W$(£) induces a filtration W on CokerN'/W%(L), hence on j.L/ji.L.

The induced filtration on j.L/jixL is independant of the choice of f. For a rigorous proof one
should use the result of Verdier [34]. To prove the independance of f we can use a path in the
space of functions between two local equations f and f’ of Y and defines by parallel transport
an isomorphism between W (L) and ¥ (L) ; modulo cokerN, this isomorphism is independant
of the path.

I. The weight filtration on the nearby cycles V(L)

The method to compute Wy as explained in [11] uses the restriction 3 j,£ of the higher direct
image of £ to Y and the cup-product H*(X*,£) ® H'(X*,Q) = HFY(X*, L) by the inverse
image n = f*c € HY(X*,Q) of a generator ¢ of the cohomology H'(D*, Q). Thus one defines a
morphism (of degree 1), n: i%j, L — %, L[1] such that 7? = 0 so to get a double complex whose
simple associated complex is quasi-isomorphic to \Iﬂ;(ﬁ), the unipotent part of V(L) under the
monodromy action 7

(21) VHL) = s(iviLlpl,n)p<o

In order to get the full U¢(L) (not only the unipotent part under the action of 7°) Deligne
introduced local systems of rank one V3 on the disc with monodromy e(3) = exp(—2in[3) and
proved the following isomorphism

(22) V(L) ~ Dpec VHL® fVp)
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When £ is quasi-unipotent we need only to consider 5 € QN[0,1[. Moreover, near a point y € Y’
such that f = HjeMz;Lj, the tensor product £¢@) @ f_lVg is unipotent near y if and only if
Vje M,a; +n;B € N, then

(23)  WHLH)) ~ @geg WHLAM @ fT1V), S={B€C:VjeM,a;+n;3eN}

Due to this formula, the problem can be reduced later in the article to study the unipotent part
\117 We recall that in order to construct £x we need to choose a section as follows

Definition: We define 7 : C/Z — C as the section of m : C — C/Z such that Re(r) € [0, 1].
Local description . Near a point y € Y, where f = ﬁl 2" for non zero n;, in DeRham cohomology
n= f*(%) = g n,dz—zl' The morphism 7 on Q(L, DZi—i— N.) (3) is defined by e;,n;; Id : L(i.—i;) =

=1
L — L = L(i.) where ¢;; is the signature of the permutation which order strictly (i. — i;,4;) for

various 7;. For each complex number 3, we consider the following complexes where Lee)
ﬂie[l,n]Le(O‘i) is the intersection of the eigenspaces for T, € [1,n]| with eigenvalues e(«;).

(24) ‘I’;ﬁ;(L) = Da. Q(Le(a.)ﬂ_(ai + Bnl)ld + Ni)ie[l,n]) [p]a p<0

where 7: \III’;(L) — ‘I]ngl(L) is a complex morphism satisfying n? = 0, the (\I’f;, n) form a double
complex for p < 0. Let WP(L) denotes the associated simple complex. In order to take into
account the action of N = —1/2imrLogT" we write after Kashiwara, L[NP] for L[p] and L[N ']
for the direct sum over p, so that the action of N is just multiplication by N

(25) VL) = s(VP(L),1) o =~ Ba UL N (i + Bri)Id + Ni — niN i1 n))-

It is isomorphic to the direct sum of Koszul complexes defined by (L&) [N, 7(a;+0n;) Id+
Ni —niN)icp1,n)- The complex QL) 7(Bn. + a.)Id + N.) is acyclic unless (n;3 + o;) € N for
all i € M, hence WP(L) is acyclic but for a finite number of 3 such that e(3) is an eigenvalue of
the monodromy action. The proof of Deligne’s result [11] reduces to:

The fiber at zero in D% of W¢(L) (resp. WH(L)) is quasi-isomorphic to a (finite ) direct sum
of WA(L)(25) (resp. to WO(L) for 3=0)

(26) Ui(L)y ~ @pec¥’L UY(L)y ~ UL

3.1 The weight and Hodge filtrations on ¥°L  We consider again a nilpotent orbit L.
To describe the weight in terms of the filtrations (Q*L, W, F') associated to L, we need to use
the constant complex with index s. € S(M), W°L(s.) = WL and introduce the complex

(27) (UOL)sany: = s(WOL(s.))s.cs(m)
which can be viewed also as s(2*L[p],n)p<o, then we define on it the weight filtration
(28) Wr(YOL)sary = sWrgap—1Q Lipl, m)p<o, F7(¥OL)s(ary = s(F"PQ* Lp],n)p<o.

Monodromy.
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The logarithm A of the monodromy is defined by an endomorphism v of the complex
\IIO(L)S(M), given by the formula

Ya. = Epg()ap € (\IIOL)S(M), (l/(a.))p = ap—1 Vp <0
such that vOWV,) C W,_o and v(F") C F™~ L.

Decomposition of Gr)Y
The morphism 7 induces a morphism denoted also by 1 : CKML — C’,ﬁ]‘éf L[1] so that we can
define a double complex and the associated simple complex

OEM L, — s(CKY Y51 LIp), m)p<0, UE L. = kK]

We will see soon that this complex decomposes into a direct sum.

Lemma: There exists natural injections of WEML, into Gr)V (\IIOL)S(M) and a decomposition
(29) Gr¥ (VL) sy ~ ®renPEM L

Proof: By the spectral sequence of a double complex, it is enough to check the decomposition
on the columns where the proof reduces to the decomposition in the open case.

Theorem: The weight filtration (28) coincides with W (N') defined by the logarithm of the mon-
odromy in the abelian category of perverse sheaves.

The proof in two steps reduces to the lamma and the proposition below.

Lemma: The following statements are equivalent
i) For alli>1, v': Gr)Y (\IIOL) sy =~ Gr(¥OL) g ar) -
ii) For all i > 1, Grz/vker Vi = s(GrlYy, (¥ Lpl,n)—icp<o = 0.
Proof: The morphism v* on (¥°L)g(yy) is surjective and its kernel is sum of the columns of index
-1 <p<O0.

Remark: It may be interesting for the reader to check the statement on the example of a line
with f equivalent at 0 to 2™ on the fiber of (VL) at the point 0 for L = C and N = 0, where
the similarity and the differences with Steenbrink’s construction appears already.

Proposition: For all i > 1, GrVker vi = S(Gr}/_\izp_lﬁ*L[p],n),Kpgo = 0.

Proof: Let vXM:.= s[CEM op—1 L[l M- Z<p<0, then by the decomposition theorem we have:
GTZVV ker v' = @gc MVK Denotes I/KK by 1/ , then we can easﬂy check that I/KM is the
intermediate extension of I/Z and is quasi- 1somorphlc to zero if 1/Z =0, so we reduce the proof
to

Lemma: For alli > 1, vi:= S[CiIiprlL[p]aT/]fi<p§0 =0

Proof: In order to give a proof by induction for 7 assuming the result for i — 2 , we write I/iK
as:

S[CK L= (i = 1)), 5CK gy LIp ] o2y <pol =11, CH L] 20
We know that C’K [| K|-1]= GT‘VKT - )[(ﬂieKkerNi L — L]~

D (my,-- ,mn)eT/(r)G -Gr Wz -GrlV Ty [(ﬂzeK(k‘erNi : L — L]
and OF I K )2 GrV S 15, ML)

i

—@(ml,--umweT(r)G nvfnfz GV G L) (Sie NiL)).
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Given a nilpotent orbit (L, N;), we denote in general the primitive part of (GT,W (N)L) by
(GT,W (N)L)O, then we have the following isomorphisms :

GTXV(N)(L/NL) ~ (GTTW(N)L)OJg(GTK(N)keTN),
so we can deduce in general: _ '

N{™ oo NI Ge)V " GV - Gr,V,[L/ll [L/(Siex NiL)] =~ Gr}Y" - Grl¥" - .. Gr,V,[L/ll NicrkerN;
the sum over {(my > 0,---,my, > 0)} : (Xjexgm; =i — 1— | K | induces an isomorphism:

¥ GV (L) (Biex NiL)] — Gri¥T e [(Mierc (ker N : L — L]
WK

since Grf(ifl)ﬂK\ [NiexkerN; : L — L] is isomorphic to
n 2 1

DLm1<0, s mn SO YL e e ma=| K |—i1 "~ D Grnv,[fn "'Grnv’lbli "'Grnvgl :
Then v induces a quasi-isomorphism from

CE LI K |2 GrlVE L/ (SiexNiL)] = GrlV S [(L/(Ny L) [Na(L/ (N1 L)
to Cf_ LIl K| —1].
A diagram chasing shows that I/ZK is in fact a cone over 4!, hence zero, which establishes the
lemma and the proposition.

Corollary: The graded part of (\I’OL)S(M) 18 non zero for only a finite number of indices for

which it reduces to a double complex of finite terms. More precisely, let ig be an integer large
enough to have G’I“}/VQ*E =0 for all j > ig,then for a given i > 1:

GrlY(P°L)s(ar) & s(GrlYap 1 Q°L[pl, m)p<—i

where only a finite number of p such that —ig < i+ 2p—1 < —i — 1 are non zero in the right
term. For i < —1 we use the isomorphism v=". In particular, GTZW(\I!OL)S(M) =0 for all i such
that |i| > ig. We have a direct sum of intermediate extensions (up to shift in degrees) of VHS
of weight it +m +1 .
Proof: Suppose i > 0, then Gr!V(¥L) g5y = s(Gr}/_‘:Qp_lﬁ*L[p], n)p<o is the cone over

1+ $(GrlYo, U L[pl,n)—i<p<ol 1] — s(GrlYy, Q" L[pl,n)p<—i
where the first complex is Grzwker V" hence quasi-isomorphic to zero, then the corollary follows.
Remark: i) This corollary, shows that the weight filtration behaves like a finite one, so that we
can apply in the proper case the results on mixed Hodge complexr where the weight filtration is
supposed to be finite.
ii) In Steenbrink’s case that is £ = C, s(Wp_1Q¥*L[p], n)—iy<p<o is a subcomplex quasi-isomorphic
to (\I’OL)S(M). For a general L, it is not a complex, nevertheless the graded part behaves like if
we restrict to such object.

i11) Dually, we could define (\IJOL)S(M) as i3-s(X*L{p|, n)p>o[1], with the filtrations
Wy = sWri2p 1O Llpl, n)po[l], F7 = s(F™ Q" Lip], )p>o[1]

then the above results show that the two definitions give quasi-isomorphic complexes and the
formula for Gr'V behaves like if we could use the quotient by WL in each column p.

We will see later that we can take the quotient with the subcomplex generated by ICL for
p =0 and then use the induced filtrations on the quotient.

Corollary (decomposition): Let I(p) = {p <0, —ig <i+2p—1< —i—1}, then:

Gr}Y (VL) sary = s(GrlYop 1 LIl 0)per(p) = perp)Gritap 1 Lip).
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Proof : It follows from the remark that Gr)V (VL) s(m) can be computed for a finite number of
columns such that r =7+ 2p — 1 < p — 1 < 0 is negative and where each term is a direct sum
of CEM[, intermediate extension of CX L whose cohomology is concentrated in degree |K|— 1,
hence the map 7 is zero and we get a direct sum instead of a double complex.

3.2 The global weighted complex (¥$(L), W, ')

Returning to the global situation, we need to define the Hodge filtration on W;(Lx). First
F extends to the logarithmic complex by the formula: FP(Q% (LogY) ® Lx) = s(Q%(LogY) @
FP~4(Lx),Vx)p<o), then F extends to (V;(Lx) via the formula

F7 (i3 s(Q% (LogY) ® Lxli])i<o) = & s(F P (Q% (LogY) ® Lx)lil, n)i<o
The definition of the global weight filtration reduces to the local construction at a point
y € Y}, using the quasi-isomorphism (¥, (cele))), ~ @5 wh(Lele)),

We suppose again £ unipotent and define as previously (\I“;E)S(M):: S(\II}LL(S‘))S.ES(M)
which can be viewed also as s(2*L[p], n)p<o, then we define on it the weight filtration

(30)  Wr(W4L)s(ary = B3 5(Wrgap—1Q°LIpl, m)p<0, F(VEL) sary = iy s(F" P LIp], n)p<o

The logarithm of the monodromy N is defined on this complex as in the local case. The filtration
W(N) is defined on (\I“;E) s(m) in the abelian category of perverse sheaves.

Theorem: Suppose L underlies a unipotent variation of polarised Hodge structures of weight m,
then the graded part of the weight filtration (30) of the complex
(UH(Lx), WIm|, F)

decomposes into a direct sum of intermediate extension of VHS; moreover we have W (N') = W.

The proof of this theorem reduces by definition to show that (Grrv [m},F ) decomposes which
result can be reduced to the local case where it has been checked in the above corollaries.

Remark: We could as well define the complex (\I’OL)S(M) by summing over p > 0:

(31) (OL) 51y = iy s[(s(Q% (LogY) @ Lx)[p], m]p>0[1]
By the above remarks the two definitions give quasi-isomorphic complexes.

3.3 The global weighted complex of (V;(£),W,F) Lety € Y}, we deduce from the
isomorphism

(32) (¥ (ﬁe(a')))y ~ ®p wh(Lee))

the global weight filtration in the abelian category of perverse sheaves on Deligne’s extension
(L) ® f~1V5)x and the associated combinatorial logarithmic complex Q*(L£L8*) @ f~1Vy)
where we define the global weight filtration in the abelian category of perverse sheaves at points
y such that £¢(*) @ f *1V5 is unipotent since otherwise it is acyclic near y and doesn’t contribute
to cohomology.

Finally we can define the combinatorial logarithmic filtered complex as:

(W5 (L), W): = &) (THL) & F71V5),W))

The Hodge filtration F' extends to the logarithmic complex and to W;(Lx).
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Theorem: Suppose L underlies a variation of polarised Hodge structures of weight m, then the
complex
(W 4(Lx), W], F)
decomposes into a direct sum of intermediate extension of VHS; moreover we have W(N') =
W where N is the logarithm of the unipotent part of the monodromy T".

II. The weight filtration after M. Kashiwara and M. Saito

Local situation. We give in this subsection Kashiwara and Saito’s constructions and indications
on the proofs of the decomposition and the purity results for W%(£ [29] in order to compare the
two constructions. In the reference this result is embedded in the language and theory of Hodge
modules, a theory adapted for general pushforward results but not necessary at this stage.

Given o € [0,1] for ¢ € [1,n] ( or equivalently a section 7 with value in 0, 1]), we consider
the polynomial ring C[N] in one variable (resp. the field C[N, N~!]) and the module L[N] =
L®cC[N] (resp. L[N, N~!]) endowed with commuting endomorphisms (o;Id + N;) ® Id where
N; is nilpotent, denoted also by «;Id+ N;, and multiplication by N denoted also by N. For each
family of integers n; > 0, for i € [1,n], we consider the endomorphisms A; = o;Id + N; — n;N
on L[N] (resp. L[N, N7!]). When «; # 0, A; is invertible on L[N] and when «; = 0, the inverse
of the endomorphisms A; are defined on L[N, N~!] and equal to

A7t = =Yis0(N:) /(N T

where the sum is finite since IV; is nilpotent for all ¢. In particular A; and Ay = Il;c5A;, J C
[1,n], are injective on L[N] so that we can deduce

Lemma. Given (L,;ld + Ny)icpin), we let I(a.) = {i € [1,n] : a; = 0}

i) The complex Q(L[N,N71], A; = a;Id + N; — n;N,i € [1,n]) is acyclic.

ii) The following complexes are isomorphic

QLINTY,A) — Q(LIN], A
iii) The complex
(33) IC(LIN], A) = s(ImAjnra))acpn =0, (ImAjnra) = ImAy)

is an acyclic sub-complex of the Koszul complex Q(L[N], A.).

iv) Let W (L) := LIN]/ImA ) and WOL = s( (L) s (Ai)iepnn))[1], be associated to
the simplicial complex with differential induced by A; : ¥;_;(L) — ¥ (L), then we have the
following isomorphism

II
(34)  QLIN],A) == UL = s(W (L) jcpuns A)[L] = s(LIN]/Im(Ajareay)s A)scpm L]

We give the statement for W2(L¢(®)) in general
Proposition: Given (a.) = (ay)jenn and B, we consider on L) the endomorphisms A; =
(1(a; + pny)Id + N; — n;N) for i € [1,n] then we have the isomorphisms:

WA (L)) = Q(LA) [N~ A) ~ QL) [N], A)[1].
Let ImA; = Im(Ajni(r(a.48n.) N L) denotes the image of the composition Ay = ILicsA;
then this Koszul complex is isomorphic to

(35) WOLAM) = (LI N]/TmA jar(ras pn)s A e [1]-
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Let S(a.) ={y€ C:Vj € M,a; +n;v € N}. Only for 3 € S(.) the complex is not acyclic.
Remark i) The importance of the introduction of W ;(L) is that they are canonically associated
to the perverse sheaf WO(L), so that the construction of the weight filtration reduce to its con-
struction on these vector spaces. It is more precise to work on these vector spaces then on the
cohomology of the perverse sheaf, the relation being a kind of spectral sequence.

ii) We can give now a proof of the isomorphism (20) of the proposition in this paragraph. Recall
that W ;L = L[N]/ImA; and we have Coker N/¥ ;L ~ CokerN;/L since A; = N; — n;N 1is
equal to N; modulo N, so that we have locally at y € Y}, the isomorphisms

(+L/juL)y = s(CokerNy/L) jcpy ) = CokerN/s(V L) e n) = CokerN /UFL[—1]

which establishes (20).
i11) In general, the graded part of the cokernel is the primitive part P,(N) for all k > 0:
GT,I:/(N)(CokeTN/\I’JL) ~ Pi(N).
The filtration W (N) on W L defines a filtration by sub-complexes of WOL and corresponds to
the filtration W(N) of W}(L).
Now in order to study the weight filtration we need to consider this complex as a perverse
sheaf in the corresponding abelian category. That is why we recall here basic facts on this
category needed to understand the construction.

The category of perverse sheaves £ on X with respect to the natural stratification Y7, defined
by Y (i.e such that for each M C I, the cohomology of £ /Y}; is locally constant), are described
locally at a point y considered as the center of a polydisc (D*)™ | from a topological view point,
by the following combinatorial construction in [25, p 996] ( see also [16], [2]).

The category P of perverse sheaves L on (D*)M, with respect to its NCD stratification is
equivalent to the abelian category defined as follows :
i) A family of vector spaces Ly for A C M,
ii) A family of morphisms
faB:Lp — Ly and hga: La — Lg for BC AC I such that :
fapo fec = fac, hcgohpa=hca forC CBCA
faa=haa=1d, haaupo fauB,B = fa,anB o hanp,p for all A, B
and if AD B,| A|=| B | 41, then 1 — hpafap is invertible.

Minimal extensions
We will need the following description for A C M of the caegory M 4 of the minimal extensions
of a locally constant sheaf £ on X’ : in terms of the family of vector spaces Lp for B C M; it
is equivalent to Lp = 0 for A ¢ B, and fp4 is surjective and gap is injective for A C B. We
denote by M the objects isomorphic to a direct sum of objects in UgM 4.

The category M of sums of minimal extensions
A result of Kashiwara states [25, p 997]
A perverse sheaf L € P is a direct sum of minimal extensions (in M ) if and only if

(36) VA, BC M, BCA, La~Imfap® Kergpa

Moreover, it is enough to consider |A| = |B| + 1.
The above condition is equivalent to the isomorphism:

(37) ®pcafap(Pp(L)) — La
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where Pp(L) = ﬂC:c:BKergCB, then moreover gpa : fap(Pe(L)) — Pp(L’) is injective for
B CA.

Description of the weight filtraion in the category of perverse sheaves.
The family \I’E(Le(o")) = Le(o")[N]/ImAJm(T(a_Jrgn.) for J C M,J # @ gives precisely the de-
scription of l’ﬁ(Le(“')) as a perverse sheaf, where for ¢ € J, the morphisms fj;_; = 4; :
\Ifg_i(Le(o")) — \Ifg(Le(O")) and gy = pi : \Ifg(Le(O")) — \Ifg_i(Le(o")) is the canonical projec-
tion. The product by N induces on each \I’E(Le(o")) a nilpotent endomorphism denoted also by
N which commutes with A; and p;, hence these morphisms are compatible with W (N); they
send W,_1(N) into itself (it is enough to show that for b € W;_;(L¢)), if N*(b) = 0 for s > r
, N¥(A;(b)) = Ai(N*(b) = 0 (resp.for p;)).

For each integer r, let GTXV(N)
objects, then we define

\Ifg(Le(o")), pi, A7 denotes the corresponding perverse graded

(38) K] = Ker p} : GriV MWl (re)y o grVWNwh (1)) K% niey KT

in particular Vi € J, K, C KerN; C GTTW(N)Wg(Le(“')). The aim of the next part is to deduce

the decomposition property (37) via the proof of (36) in presence of a polarised Hodge filtration.
First we give a global setting of the problem.

3.4 The global weighted complex of nearby cycles (¥;(£), W(N) In this subsection,
we define the weight filtration abstractly without going back to an explicit formula as used
on the combinatorial logarithmic complex. The filtration W (N) on each ¥A(L**)) defines a
filtration by sub-complexes on @, WPLH*) and corresponds via (32) to the filtration W (N) of
U (L), in the abelian category of perverse sheaves where N' = —1/2imLogT™".
Consider Deligne’s extension (L'e(a') ® f~'V3)x and the associated logarithmic complex
it (Vs (LogY) @ (L) @ f~V5) x [p], n)p>o0-

There exists a global acyclic sub-complex IC((£L4*) @ f~'V3)x[N]) inducing at each fiber
at the point y the complex IC(L**)[N], A; = (1(8n; + o) + N; —n;N)). We define the weight
filtration W (N') on the quotient complex

VH(LA @ f 1 Vg)x): = (s(k (LogY ) (LA @ f V) x[p], mp0/IC(LY @ f V) x IN])[1]

as the filtration inducing W (N) at each fiber W#(L(*)) at points of Y. Finally we can define
the logarithmic filtered complex as:

(39) (W5(£x), WN)): = S (VF((LD @ F71V5))x, W)
The filtration F' extends to (V;(Lx) via its extension to Q% (LogY) ® Lx[N][1] by the formula
FP(i s(Qx (LogY ) ® Lx[i])iz0)[1] = iy s(FPF (2 (LogY') ® Lx)[i], m)iz0[1]

= iy s[(s(Qy (LogY) ® FPFH74Lx)g>0) [, m)]iz0[1]-

Theorem: Suppose L underlies a variation of polarised Hodge structures of weight m, then
graded part of the weight on the complex (39) with the filtration F defined above

(40)) (Wr(Lx), WN)[m], F)
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decomposes into intermediate extensions of VHS.

The proof of this theorem reduces by definition to show that (GT‘:«/V (N)[m], F) decomposes.

This can be checked locally via (36) and (37). That is we need to use the following decomposition
theorem based on results due to Kashiwara [25] in characteristic zero and proved in [2] in the
language of purity in positive characteristic.

Theorem (decomposition)(Kashiwara - Saito): For each onteger a, Grg/(N)(\IJf(Ee(a')))y ~

GTXV (N) g8 (Le(a')) 1s isomorphic to a direct sum of fibers at y of various intermediate extension
of variations of polarised Hodge structures. Precisely

(41)) Gry/ NP (L)) = @ jep IC((KG(LA™)), Nyyi € M — )

where K9, defined by (38), is a pure Hodge structure of weight a + m with the induced Hogde
filtration F'.

i) Elements of Kashiwara’s proof [30, prop. 3.19, and Appendix]. We will write L for L)
and associate to (L, F, P, N;,i € M = [1,n]) the module L[N] where N is a polynomial variable,
endowed with two filtrations as follows. Consider W (L) = W (X;epN;)[m] and F on L, then
define

(42) Wi(LIN]) = 3, Wi ;L @ N7 | FP(L[N]) = 5, FPH L @ N

Since the endomorphisms A; = N; —n; N shift W by —2 and F' by —1, the two filtrations induce
a MHS on the cokernel ¥; = L[N]/ImA; for J C M. We have an isomorphism compatible
with the filtrations

obtained via the composition of the natural embedding in L[N] with the projection on UL,
where W anf F' are defined on the left term as in the formula (42) above. In fact the relation :
Nt = Eje[w(—l)j“aj(g—:,i € J)® N'"J where | =| J | and o is the j elementary symmetric
function of %,z € J, on the quotient of the right term leads to the definition of the action of N
on the left term by the formula :
N(CL & Nl_l) = ElSjSl(—l)jJrlUj((Ni/’l’Li),’L' S J)(CL) ® Ni=J,
In order to define a polarisation we introduce a product P; on ¥ (L) as follows
P;(aN*,bN7) = P(a,(~1)" Res (A;'(b® Nt7)))
where A;l is defined on L[N, N7!], N is considered as a variable x and the residue Res is
equal to the coefficient of 1/N in the fraction in N. This formula shows directly that the
product is well defined on CokerAy ; in fact, P;(aN% Aj(c) = P(a,(—=1)" Res(c ® N?) =
0 since the residue is zero. Using an explicit expression of A; ! we find Pj(aNP bN?) =
(=1)PP(a, B, (TL(N (b) /n$ith)) where a; > 0 and 2;a; =i+ j — [ + 1. In particular
Pjy(a,bN") = (1/II;n;)P(a,b) ifr =1 — 1, and zero otherwise
Pj(aN% bN7) = (=1)"Ps(a, bNJ).
In [30], the following result is attributed to Kashiwara

Theorem : With the previous notations, namely W and F

(44) V(L) = (LIN]/ImA;, Ny, ..., Np, Ny W, F, P))
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underlies a polarised nilpotent orbit of weight m + 1 — |J|, that is: the weight filtration W (N +
YiemNi)[m +1—|J|] = W underlies the weight of a MHS on ¥V ;(L) with the Hodge filtration
F.

ii)(see M. Saito [29,5.2.15, 5.2.14], [30,3.20.4]). The induced morphisms N, N; and A; shift
W by —2 and F by —1. Since W(N + X;c7N;) is the weight filtration of the endomorphism
YiesN; relative to W(N) that is for all ¥ (L) :

N, Sies NI N
Grjvz(rzvmzemz)GWW(N)( € Ni) Gl NN g W N)
we have:
GT?_/FE"NJrEiEJNi)GT,W(N) ~ GTJW'(EieJNi)GT,XV(N) ~ GT;/V(EieJAi)GT,XV(N)

Now we may consider the orbit with only two endomorphisms (V;(L), N;, N, F = F(N;))
(F is the limit along the axis Y;), then we deduce commutative diagrams for j varying in an
interval of Z symmetric with center 0 with at left HS of weight n + j where n = m + a — |J|

and to the right n +j —1

arMar M, L A el e M n-1)
(45) L N; /D LN
e Nar My, -1y A el Mart M r-2)
moreover we have: Pj(A;u,v) = Pj_;(u,p;v) for all u € ¥; ;L and v e ¥, L
In this situation, a result of M. Saito [MI,5.2.15] applies and shows
Proposition : For all J C I and i € J, consider the morphisms

Gry w2 ar M sr(-1) 25 et Ve, n(-1)

then we have a decomposition

(46) GrVWNw L~  ImA; & kerp;

compatible with the primitive decomposition . In particular, p; induces an isomorphism of ImA;
n G’I"ZV(N)\I’JL onto ImA; in Gry(N)\IIJ,iL.
The result is deduced from the sequence in the proposition by taking its graded version Gr
for various j as in (45) and using the polarisation of HS induced on, to prove for each 7,
ImA; ® Kerp; ~ Grjvz(lNi)GrXV(N)\IIJL(—l)
hence, since A; and p; are compatible with the M HS of weight W (NV;), we get:
ImA; ® Kerp; ~ Gry ™M@, L(-1).

Now, to finish the proof of the decomposition theorem, it remains to show that K9 is pure

W(N;)
-1

and polarised in two steps:

Lemma: i)K% C Wo(SiesNi)Gred MW L.

i) KN (W_y(SiesNi)Gra Vo, L) = 0.

Proof. i) the assertion (i) follows from the relation: Ker(3;csN;) C WO(EieJNZ')GT'XV(N)\I’JL.
ii) Suppose x € W,S(EiGJNi)GTXV(N)\IIJL N K$ where —s < —1, then there exists

y € WS(EieJNZ')GTZV(N)\I’JL = WS(EZ'EL]AZ')GTZV(N)\I/JL such that z = (3;e74;)°(y) (by sur-
jectivity of 3;c 7 A; on negative weights ) then for each i, we have (N;)*(y) € ImA; mod W_g_1,
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hence z =), N7 (y) isin (Njkerp;)NY_; ImA; = 0 mod Ws_q, thatis x € Wfsfl(EiGJNi)GTC‘:V(N)\I]JL.
We deduce (ii) by a descending inductive argument on —s.

We deduce from the lemma that K9 is pure of weight a which ends the proof of the theorem.

III. Example : Rank one local system £ on X —Y.

We apply the above theory to remove the base change in Steenbrink’s work. In this case the
monodromy of £ around components of Y is of the following form: Vi € I,T; = «;1d, N; = 0. For
B €Qnlo0,1], let Vg denotes the rank one local system on the punctured disc with monodromy
e 2B S = LRf ~1V5 and Sy its Deligne’s extension; then we can define the weight filtration
W (N) explicitly on the complex

VA(Sx): = iy (X (Log¥)  Sx)[pl n)pzoll]

First we define W on Q% (LogY) @ Sx. Let I(B) : {i € I : a; + fn; € Z}, Y(B) = Uier(p)Yi,
C(B) = Ujer—1()Yi, notice that Sy is locally trivial along Y (8) — C(8) and its logarithmic
complex is acyclic along C(/3), that is for j : XY — X, we have: (j.S)/x_y(5)) = (1S)/x—v(8)-
We write Q% (LogY') as Q% (LogY () ® Q% (Log C(3)) and extend the logarithmic weight filtra-
tion WY along Y (3) to the whole complex by

W= [WYO(Q% (LogY (B))] ® Q% (LogC(3)) @ Sx. Then we have

Grl¥ (U (LogY) @ Sx) = (G (25 (LogY (8))) ® Q5 (LogC(8)) ® Sx =

Dic1(p),71=i%, (Log(C(B) NYy))[—i] ® Sy,

with the differential of the induced connection on Sy, .

Locally, let L denotes the general fiber of S, then the fiber of the logarithmic complex at a point
y € Y}, is isomorphic to the Koszul complex (Q(L, 7(o; + n;)ld,i € M) where L; corresponds
to L ® Aieg%i. For each i € M, let (i,8) = {j € [ — I(3) : Y; NY; # &}, then the fiber of Gr}V

Zi
1S:

GTZVV ~ @iel(ﬁ)(Q(L7 T(Oéj + ﬁnj)Id,j € (i, ﬁ))
This weight filtration and the Hodge filtration extend to s(2% (LogY) ® Sx[p],n)p>[1] by the
formula

Wi = @p>oWitapr1, F'=@psoF 7T

Here the fiber of the double complex at y is isomorphic to the Koszul complex (Q(L[N], A; =
T(a; 4+ n;)Id—n;N) where A; is an isomorphism whenever 7(a; + n;) # 0, that is i € I —I(f3).
Now we introduce the acyclic subcomplex K =~ @,>0Wp[p+ 1], whose fiber at y in (Q(L[N], A; =
T(a; + On;)Id — n;N,i € M) is given as s(Kj)jcy where Ky = ImAy; = N"L[N] whenever
| JNI(B) =J(B) |[=7 (Ay = icsAj).
The quotient complex with induced filtration:

V(L) = (37 [5(x (LogY) © Sx b, mp=o[1]l/K, W, F)
is the bifiltered complex computing \I/?(ﬁ) The quotient complex has fiber at y:
s(Wy(L), Aiyi € M) jem, V(L) = (LIN]/ImA) ~ @pepor—1) LNP.
Let K, denotes the pth column of K, then the graded object with respect to W is:

Gri¥ (W](L) = 4 5(GrfY 51 [(x (LogY) ® Sx)[p])/Kp)pzo[1] =
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$(®yc1(8),|=i+2p+1250 (Log(C(B) NYY)) @ Sy r[—i — pl)pz0,p2 —isp<n—dim x
Proposition: WEf’q((\If?(E)) = @i>0,i>p Dcp HZPTI=2(y, — O(B)) P2t S))
where S, is a local system on Yy deduced from S as restriction of Deligne’s extension Sx and
has zero restriction to C(f3).
The weight spectral sequence is: WEf’q((\Ifﬁ(E)) =
HPH(X, G (W](L)) = @i20,i2pHP (X, G iy (i3 [(Q% (LogY) @ Sx)[il] /K [1]) =
@iZO,iZPHp+q+1(}7’ Qg(ﬁ)*z’mwl (Log(C(B)N ?(ﬁ)_p—i—%—i—l) ® Sf/(g)—p+2i+1 [p—2i—1]) =
@iZO,inHEIH»qui(}}(B) — C(B))PH2tL S)) where S, =~ Sy(ﬁ)_pﬁiﬂ is induced by Sx and has
zero restriction to C(3).

4§. Variation of Mixed Hodge structures

Let (L,W?) be a filtered object in an abelian category and N a nilpotent endomorphism of
(L, W?). Deligne [10, (6.1.13)] introduced the notion of relative weight filtration W of N with
respect to W9 on L and showed that if it exists, it is the unique filtration satisfying for all
a€Z,beN
NW, C Wz and N*: Gr¥¥,GrV° L ~ Gl ,GrI°L

A variation of mixed Hodge structures (VMHS) : (L,WY F) is called good [10,(1.8.15)] if
there exists a relative weight filtration W for the action of the logarithm of the monodromy N.
We showed in three notes developed in [13], the existence of a limit relative weight filtration W
for geometric VM HS inducing on Gr'"°L the limit of the VHS on (GTWOL,F). Steenbrink
and Zucker called an axiomatic VM HS admissible if it is good and satisfy a set of properties
all satisfied by the geometric case [25], [34]. In this section we show that the definition of the
weight filtration extends to this case without major difficulties using only the ingredients of
proofs already introduced in the previous cases.

4.1 Good VMHS.

Let Vx = (£, (L2, W), (LS, W° @ C, F)) be a unipotent VMHS on X —Y and Ly its
canonical extension, then W0 (finite) extends to a filtration by subbundles. We say that Vy is
good if the following properties are satisfied :

i) the filtration F' extends to Lx as a filtration by sub-bundles

ii) for all J C I, the relative filtration M;:= W (N, W%) exists (it is a filtration by sub-local
systems). ‘

iii) The limit filtrations (M, F') define a VM HS : Vy on YJ; moreover WQ; is a filtration by

sub-VM HS such that the induced VM HS on GTWOE% coincides with the limit of the VHS

on eroﬁg* (Vys is called the limit of Vx« on Y7).
iv) Compatibility: let K,J C I, then the VMHS Vy: (i) satisfy (ii) on Yj and its limit
VMHS on Yj  coincides with the VMHS : Vy»  limit of the VM HS : V-, that is to say

W(Njur, Wy ) =W (N, W(Ny, W)

The last property is to be understood at each point y € Y7, where W (N, J,W{}J*) extends,
moreover the above properties are not independant. In a study [25], Kashiwara deduce the

properties (ii) to (iv) from the existence of M; for i € I.
The VM HS is said to be graded polarised if for all », Gr}” 'L s polarised.
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4.2 Local definition of the weight filtration.

For each subset s) C I such that Y, # @ we write W = W (Z;es,N;, W0) for the filtration
by subbundles defined by the nilpotent endomorphisms of the restriction Ly, of Lx to Y
(which exists by hypothesis), inducing also by restriction and for each subset K D s a filtration
on Ly, . We define the weight filtration W (s.) for s. € S(I), locally near each point y € Y, as
in the case of VHS, in terms of a set of n coordinates y;, 7 € [1,n| where we identify M with [1, p]
on an open set Uy ~ DM| s D"=P containing y and a section f% = chMJ/mM:gfj;J,CZ’—JJ Ady g
of Q% @ Lx,

S. * S. m S
1 E WIS, @ Lx. ), & VAN M, fip/YNOU € W L,

It is a filtration by subcomplexes of analytic subsheaves globally defined on X. We deduce two
filtrations W and W of Q*L as follows:

W' = sW'(5.))s.esry, Wa(s) = Wils) N W2, W =s(W(s.)s.es0)

moreover the filtration W extends as a constant filtration for all s. € S(I) and the previous
definition of the Hodge filtration F' remains unchanged. The filtrations W and W will have
different applications, the first leads to the filtration W (N') on the nearby-cocycles and the
second defines a M HS on X —Y when X is proper.

Let b € Z and K C M; when the point y is in Yz C Y}, the previous study apply to the
nilpotent orbit Gr}" °L defined at the point y so that we can conclude that for a > b (resp. a < b)
the complex Cf(GrXVOL) is concentrated in degree | K | (resp. | K | —1 and acyclic for a = b.
When the point y vary in Y, the cohomology H‘K|(C5GTXV0L) is of weight a— | K | induced
by Wc{ilK\(N’ WOL) and F ( resp. H'K‘*I(Cf(GrXVOL))) of weight a+ | K |), defines a local
system E(fb on Yz which underlies a V H S induced by F'. We define as well the local system LK
of general fiber the cohomology of CX (W0 | L) equal to HIXI(CEWY | L) is of weight a— | K |
induced by W(fi | K‘(N ,WOL) and F, underlies a polarised V HS induced by F graded by W©.

Theorem. Let (L, W', F) be a unipotent graded polarised good variation of mixzed Hodge struc-
tures on X-Y; then the complex
QLW W, WO F)
with the filtrations W', W, W9 and F defined above satisfy the following decomposition and
purity properties

i) Purity: For all subset K C I and all integers a > b (resp. a <b), the VHS : (Ef,b’ W, F)
of general fiber H|K‘(C’0{<(GT};VOL)) ( resp. H‘K|_1(C£{(GT};VOL))) on Yg, as well the VHS :
(LE W, F) of general fiber CK(W?_| L), graded polarised by W°.

i1) The complex G?“ZL/V/GTZVOQ*[, is acyclic, hence

GrlV QL ~ GrV' WO L e GriV' W L

i11)Decomposition : We have the following decomposition into intermediate extensions on Y
of VHS Eﬁfb ( resp. LK)

(GryY' Gl L, F) = @xpo kel (LS [— [ K [,W2| K|, FI= | K|)) ifa>b, (Vi —Yk),
(Gr)Y' Grl"° L, F) ~ @k po kil (CE[1- | K [J,W[-1],F) ifa <b,
GryV L~ @xcrilt (L5 [= | K, W[2 | K ||, F[- | K []).
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iv) When X is proper, the filtrations W anf F' define a M HS on the cohomology of X —Y
with value in £ and the filtration W° induces a filtration by sub— MHS.

Proof. i) Locally we reduce the problem to the study for K # @, K C M C I of Cf(Gr,I;VOL)
(resp. C’fM(GrgVOL)) previously seen for the polarised nilpotent orbit GTXVOL, while the fiber
of jELE at y is the complex CEM(W?_, L). The complex CX(WY_| L) for a nilpotent orbit L
defined at y in Y is a VHS by successive extensions of G?“ZVV °L for i < a.

ii) The acyclicity reduces to the case of the VHS : GTZV/Q*GTZVOE ~ 0, while the direct
sum is similar to the case studied in (§2.17). Notice that: Gr¥' W9 Q"L = GrV' W0 | L.

iii) The assertions for Gr}" ’L follow from the case of VHS, while the assertion for W follows
from (ii) whose right term appears in the case of K = & and G’I“ZV/ WO,_1L appears for K # &
and can be checked as successive extensions of G’I“ZVV ‘Lfori<a using the count of weight as in
the case of VHS and following remark

Remark: We use in the proof the fact that a bifiltered complex (K, W F) with (K, W?)
defined over R and a finite increasing filtration W° such that (GT,WOK, F) is a Hodge complex
of weight a for all v, then (K, F) is a Hodge complex of weight a and W° induces on cohomolgy
a filtration by sub — HS.

iv) When X is proper, the decomposition and purity results prove that the complex (Q2*£, W' W0, F)
is a filtered mixed Hodge complex according to the terminology of [13].

4.3 Nearby-cocycles \II?E
The constructions for \Iﬂ]ﬁﬁ are similar to the case of VHS. We define the filtrations
W(PEL) s(ary = 15 5(Wygop—12LIp], m)p<0,
WR(WHL) sar) = 155 (W2L) [p], )p<o,
FT(\II?E)S(M) =i s(E"PQ*Lpl, n)p<o
the action of the logarithm of the monodromy v is defined similarly, then the relation for
a>landbeZ

. w’ wo ~ w’ wo
v GryL,Gry VL ~ Gyl Gry VL

follows from the corresponding relation for GTII;VOL as a VHS and this concludes that: W' is
the relative monodromy filtration with respect to W9 on \Ilyﬁ. This isomorphism is equivalent
to

Corollary: i) For all a > 1, GT’K;GT{E/VO]CGTVQ = S(GTKVF;+2P71GT;A/OQ*L[}9], N)—a<p<o =0
it) for a > 0, we have; GTZYFIGGTI)A/O VEL ~ S(GT;/YFIOL+2P71G’I“;;VOQ*L[M, N))p<—a =
EBa+2p_13_(1_1GTZY_;Hp_lGTXVOQ*L[p] where only a finite number of p give non zero terms.

i) fort > v € Z, GT;/V/(WtO/WUO)\I!?E decomposes into a direct sum of intermediate exten-
sions of VHS of weight r graded polarised with respect to an induced filtration by W0.

iv)for a proper morphism f, the complex (\I’?E, W' WO F) is a filtered mizved Hodge complex
in the sense that for all b < a, (WS/WS)\II?E,W',F) 1s a mized Hodge complez.

The proof is similar to the case of V HS and uses the remark above for successive extensions
of GrlV ’L. Notice the adjustment of the weight to r in (iii) since we take the sum for r = a+b
with @ + 2p — 1 < 0 that is the case of shift by 1 of the weight s + 1 of (Gr?Y'Q*GrV"L for
s < u which is compensated by —1 in the formula r + 2p — 1, while 2p is compensated by p in
the formula for F'.
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