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A SINGULAR CRITICAL POTENTIAL FOR THE SCHRODINGER OPERATOR
THOMAS DUYCKAERTS

ABSTRACT. We construct a potential V' on R?, smooth away from one pole, and a sequence of quasi-
modes for the operator —A+V, which concentrate on this pole. No smoothing effect, Strichartz estimates
nor dispersive inequalities hold for the corresponding Schrodinger equation.

1. INTRODUCTION
Consider a Schrodinger operator:

d 92
(1) P=-A+V, A=) -,

j=1 "7

onR?, d > 1, where V is a real potential, small at infinity, and the initial value problem for the Schrédinger

equation:
10U —PU =0

@ { Ujt—o = Uy € L*(RY).

For sufficiently smooth potentials V', the equation (E) implies a local smoothing effect:

(3) XUl L2 qo,rp, 22 ®ay) < CllUol|z2@ey, x € C5°(RY),
where T may be finite, and in some cases infinite, and C' may depend on V| x and 7. This well-known
estimate (see [, [ and references therein) is essential in the study of () and related non-linear equations.
In this paper, we investigate the minimal regularity to be assumed on V such that (E) is still true. In
[E], A. Ruiz and L. Vega consider the equation (E) as a perturbation of the free Schréodinger equation to
show an inequality which implies (E) The following potentials fall within this scope:
e VelP p>d/2.
e Potentials belonging to some Morey-Campanato spaces, (which are larger than L/ 2) with a
smallness condition in these spaces (see [E] for details). For example, potentials with inverse-
square singularities:

as
(4) V= Z ﬁ"‘vo,voELp»PZd/z
j=1.N T =D
where the |a;|’s are small enough.

Let us mention that potentials in the article above may be time-dependent but we shall not develop this
point here. In [[f], (see also [{]), the author studies potentials of type ({l) with regular V;, assuming only
the following positivity properties on the a;’s:

aj +(d/2—-1)*>0, j=1.N,

and shows non-trapping type inequality on the truncated resolvent:

(5) YAEC, ReX> > C, Im A #0, |[|x(P— )" x||z2—r2 < % X € C5°(RY),
One may deduce from () estimates of type (f) (cf [f).
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The preceding works do not study potentials V' € LP, p < d/2, and potentials of type (@) but with
poles of higher order. In this paper, we show that the space L%? and the inverse-square singularities are
critical, by constructing an unipolar potential whose pole is of the order of (logr)?/r?, r = |z, near 0,
and such that (), () and some other usual estimates on solutions of Schrédinger equations do not hold.
Theorem 1. Letd > 1, N > 0 be integers. There exist:

o a radial, positive potential V' on R%, which has compact support and such that:

(6) V e C*(RN\{0})
log 7|2 C|logr|?
(7) %SV(T)S%7 r <o,

o an increasing sequence (Ay)n>n, Of positive real numbers, diverging to +oo,
o a sequence of radial C*° functions (Un)n>ne, whose support is of the following form:

1 I
{01 08 An <r<ecs Oi)\n}é

such that:
(8) (A +V)u, — )\iun = fn
(9) [lun|lr =1

| & n

Corollary 1. Let N be any integer greater than 1, P = —A+V, where V is the potential of the preceding
theorem, and x a function in C§°(R?) which does not vanish in 0. Then:

o (lack of local Strichartz estimates)
(11)  Vg,q0 € [1,+00], ¢ > qo, VT >0, VO > 0, Uy € C5°, [IXU )| 110,77, La)) > CllUol| L0 )3
e (lack of local smoothing effect)

(12) Vo >0VT >0, VC >0, 0o € C5°, [IXU @)1 0,7, 1o ) > Cl|Uol| 12 (R);3
o (lack of local dispersion)
(13) Vq €]1,+oc], VI' > 0, VC >0, 3Uo € Cg°, |[xU(T)||zaway > Cl|Uo|| ' (ray;
o (lack of Strichartz estimates with loss of derivative)
1 1 _ o
14 1 1, = —=—> =
(14) Vg€ [1,+oc], Vo € [0, ],2 q>d’

VI >0, VC >0, Uy € C°, [IXU ()|l L1 qo,71,Laray) > CllUol|p(por2)-

In the preceding statements, we wrote U(t) the solution of the equation (E) with initial value Uy and ¢
the conjugate exponent of q which is defined by: 1/q+1/q = 1.

Remarks. e If d > 2, the hypothesis (f]) and () implie:

ve () L
p<d/2
o Of course, the sequence (f,)n>n, invalidates (E) when N > 2.
e It will be clear in the proof of the theorem than one may construct quasi-modes of infinite order
(i.e. such that([l0) holds with O(\; ) instead of O(M,"™)) by taking a singularity just a bit
stronger:

log r|?te
R <V

With a still stronger singularity, one may force f, to be exponentially decreasing in —\,,.

< C|logr|?*e
2

, e>0.
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e (lassical Strichartz estimates:
d
5;

2 d
l[ull e qo,r1,La )y < Clluollr2may, P> 2, » + i
are invalidated by (EI)7 with the exception of the case ¢ = 2, p = +o0o which is always true by
the L? conservation law. Likewise, ([4) shows that Strichartz estimates with loss of derivative
(see [f]) of the form:

1 1 o
[ullLeqo,rr,La )y < Clluol|p(por2ys 27 g > O€ [0, 1],

are false. In this inequality, the limit case o0/d = 1/2 — 1/q is an immediate consequence of the
Sobolev inclusion

LY(RY) ¢ H(RY) ¢ D(P°/?),
and of the conservation of the norm D(P?/2) of any solution of (f]). Notice that this last inclusion
implies that ([[4) is still true in usual Sobolev spaces, i.e when D(P?/?) is replaced by H(R").

e The potential V' and quasi-modes u,, being of compact support, as close to 0 as desired, the pre-
ceding counter-example is still valid in any regular domain, for a Laplace operator with Dirichlet
or Neumann Dirichlet boundary condition.

e Examples of linear Schrodinger equations which do not admit the classical dispersive inequality
or Strichartz estimates are given in ] and [E] In these two cases, the particular behaviour of
the equation arises from the metric which defines the Laplace operator. Let us mention that the
idea to use quasi-modes in relation with Strichartz inequalities is owed to M. Zworski (see [g]).

Finally, we would like to point out that for the potential V introduced in the theorem, one may define
the operator P without ambiguity. The operator —A +V has a natural meaning on C§°(R%\{0}), and is
essentially self-adjoint on this space, under a positivity asumption implied by (ﬂ) We call P its unique
self-adjoint extension, which is of course positive. We refer to Reed and Simon [ﬂ, Th X.30] for any
precision.

The author would like to thank Nicolas Burq, its advisor and Clotilde Fermanian Kammerer for their
precious help.

Section E of the paper is devoted to the proof of the corollary, and section E to that of the theorem.

2. PROOF OF THE COROLLARY.
According to Holder’s inequality, for any function v on R?, with a finite volume support:
(15) [o]]250 < BY% 9 [0][ 10, q > qo,
where B is the volume of the support. Let U, (t) = e~"Nuty,,. Then:
i0,U, — PU, = —e ™0t f Unjimo = up
(16) Un(t) = e u, +ie "t /t P £ ds.

0
Assume that ([L1]) is false. According to ([L4):

T T T
|IxUn ()| Laraydt < [Ixe™ " un|| Lo ey dt + [Ixe™ ™D ful| Lo ray dsdt.
0 0 o Jo

Since the support of u,, concentrates in 0, and x does not vanish in 0, the left term of this inequality is,
for n large enough, greater than:

1 <10g A > d(1/9—1/qo0)

1 T
& [ lnlznquode > & (<25 L 50
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Using the negation of ([L1]), the right term is dominated by:

|[un || Lao ray + [|frll Lao (ray-

Hence we obtain, using ([L]):

A d(1/q0—1/q)
(i5) funllzso = O (s + 27

which leads to the announced contradiction since N > 1 and ¢ > qqg, the norm of u,, in L% being greater
than 1 by ().

By Sobolev inequalities, (@) implies (@), taking in (EI) go = 2 and ¢ > 2 close enough to 2. So (@)
holds.

Let us assume that ([L3) is not true. Then we get, by ([L):

T
|W%awmmﬂ§QWMmmq+A|Rﬂ“ﬂhhwm@

< O (1lunll o sy + 1l z2ce) )

To obtain the second inequality we have bounded, up to a multiplicative constant, the L7 norm on the
support of y by the L? norm. The contradiction is again a simple consequence of (E) and the fact that

q <q.
We shall now prove (@) Otherwise, we would have by ):
T T et
(17) | Mo @lsaquarde < Cllualloormy + [ [ 160707 ullngporsydsar

(s=HP maps isometrically the domain of P?/2 onto itself. We have:

1l = [ IVIa@Pdo+ [+ Vil (e)Pde

Of course, €’

On the support of f,, as on that of w,, |z| > %. Using the superior bound of V' in (ﬂ), we get, on the

support of f:

V)| <cC loglog A, — log Ap)? < CA2.

2
(log \p,)? (
It follows using ([L0) and N > 2 that:

(18) 1fallpepirzy < C IV fallzz + Anll fallz2) < CAZ.

Furthermore, the equation Pu,, — A2u,, = f,, implies, using once again the bounds (E) and (@) on the
norms of u, and f:

||un||§) pr/2y < || fnllz2f|un| L2 +/\$LHUHH%2
(P1/2)
< ONG[unl[Z:-

By interpolation on the norms of the left hand side, and since 0 < o < 1, we get:
(19) [unllp(parzy < CAZlunl|L2.
According to ([§), (1) and the inequality ([L7):

lunllLe < CAY[lunl|L2 + o(1).
Hence, with ([L3):

A d/2—d/q
(lo5c) Mllee < EXuallas +o(0)

which is absurd since % — % > 0.
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3. DEMONSTRATION DU THEOREME.

Denote by r the euclidian norm of x and by ’ the radial derivative %. We would like to find radial
functions V', f,,, u, such that:

-1

(20) fu(r) = —ug(r) — Up, () + V (r)un (1) = Nun (r),

with f,, small and A, diverging to infinity. We shall first change functions to get rid of the first-order
derivative in this equation. Set:

(21) un:r*%vn, fn:r*%gn, W:V—i-d2+rc2i+3.
Thus (RQ) becomes:
ed) n(r) = =V + Won = A vn.
Let:
Vo) = eV, b = - L .

TEE R AT

which are C'*° solutions of the equation on R:

(22) —y"(s) + b(s)y(s) = 0
(23) y(s) > 0,Vj €N, [y (s)] < Cjel"!
(24) [b(s)] < 1.

We shall write:

yw,a(r) = y(w(r - a))7 bw,a(r) = w2b(w(7‘ - a))a

where a and w are two real parameters. We have:

(@’) - y::,a + bw,ayw,a = 0,

Let g(\) be a strictly increasing positive function defined in a neighbourhood of 400 such that:

(25) Jim_g(3) = +oo
LA
(36) TN T

Let (An)n>n, be the sequence defined by the equations:
10" = g(An),
so that A, diverges faster to +oo than 10™.

11
Choose a cutoff function x: x € C§° (]-1,1]), x =1 on {—5, 5} .
Set:

Pn(r) = x(10"r) — x(10" '),

3
_ n+1
) =x (10 (= i) )
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Xn = 1
—_—~
SUPP Yn 11 Supp Xn SUpp ¥n—1
—_—
: : : : : : : : e e : T
5 5 1 2 2.5 3 3.5 4 5 1 1
10n+3 10n+2 10n+1 10n+1 10n+1 10n+1 10n+1 10n+1 10n+1 10™ lon—l
wn =1
supp ¥n

FIGURE 1. Cutoff functions near 3/10"+1

The ,,’s form a partition of unity near 0. The support of each y,, is included in that of 1,,, away from
those of the v¥;’s, j # n:

supp ¥, C { > = }

10727 107
1 5
Towit =7 < Jgurr = Ynlr) =1
(27) Yn(r) = x(10m7)
n>ngo
28 2 4 =1
(28) supp xn C Ton+1’ Tont C{¢n =1}

25

35
Toni2 <r< 1otz = xn(r) =1

(29)

We shall denote by ¥, and b,, the following functions:

An 3
(30) Un(r) =2, o (1) =y (2 (r_ 10n+1)>
A2 A, 3
(31) ) = e 0= (5 (r- o))

Each of the function —b,, may be seen as a potential well which concentrates (by equation (@’)) the energy
of y, near 3/10"*!. We shall construct W so that the equation g, (r) = 0 is exactly —v!/ +b,v, = 0 on a
small interval (including the support of v,,) around the point 3/10"*. The size of this interval will be of
the same order as 10™™, smaller than the equation parameter w = \,, /2. We shall choose v,, as a cutoff
of y,. The exponential decay of y, combined with the difference of order between these two scales will
induced small enough error terms for () and ([Ld) to hold.

Set (see the figure):
(32) W)=Y tn(r) (ba(r) + %)

(33) 'Un(r)_: AnlYn (T)Xn (T)v

where the a,,’s are strictly positive constants yet to be determined. The functions g, u,, f, and the
potential V are thus defined by (Bq") and (£1).
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2
/\n+1

_3 _3
107 F2 1071

F1cure 2. The potential W

Lemma 1. The following inequalities hold:

(34) Vj eN, 3C >0, II%llm(Rd) < CanAlti (q(An)) F e~ matin
(35) lunll ey > FEAT! (@A)

Proof. According to (@), on the support of x,,, W is equal to b, + A\2. Hence:

(36) gn(r) = vy (r) + bn(r)va(r).

Thus, using (2F):
_d-1 _d=1
fa(r) =172 ga(r) = 172 an (Yn(r)x5 (1) + 2y, (r)x5 (7)) -
The derivative of f,, of order j is then of the form:

djf di diz dis a1
(37) drjn = Z Bir a.ia drit Yn driz X/n drds roz
Jitje+iz=j+1

On the support of x/,:

3
T 10nt1

1 1

" 7107 10g00)
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So according to the bounds (RJ) of y and its derivatives:
V()] < OAfYe F ot
< /\%16_%
Furthermore,

2D < C(g(n)? T <ON2g(N,)

()0

for on the support of x,, 7 > t5arr. These three inequalities, together with (B7), implies (B4).

d—1

< C(gn) T TB<ONE (g(0) T

We shall now prove (BJ). By the definition of y,:

A

3 [ "

Hence:
[lun||rr > man/ T =gy
An|r—om |<1
« a—1
> -2 (107") 7 AL
> 107y
O
Choose M > 1 and set:
A
38 A) = .
(39) 1) = Fro

The positive function ¢ is strictly increasing for big \’s and satisfies (@) and (@) In addition, lemma ﬂ
implies, bounding from above ¢(\,) by A,:

d? a3 M
| d‘C"IILoo < Caph,® 7R
T
dt1
22 > 22 A,2

C )
with new constants C, which may depend on M. So the conditions (f) and ([Ld) of the theorem are
satisfied if the constants M and «, are well chosen. The support of wu, is that of x,, which is of the

desired form:
log A log A
20N <<y B
An An
if the support of y is taken to be a segment.
The assertion (ﬂ) on the potential remains to be checked. We have the following approximation of the
inverse function of ¢:

Lemma 2. Let q be defined by ([33). Then:

q(A)log(g(A)) ~
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Proof.
(M logg(\) =q(A) 1o A
q g4 =dq g Mlog A
= q(\) (log A — loglog A — log M)
when A\ goes to infinity. O
On the support of ¥, ¢(A,) = 10™ and so:
1
— < g\, < =
20r — 1) = T

1 1
— Jlogr —log 20| < q(\,)1 ) < —|logr|.
207"‘ ogr —log 20| < q(A,)log(q(An)) rl og |

(We used that s — slogs is an increasing function for s > e~1). Using lemma E and taking r close
enough to 0 we get:

1 1
C™'=|logr| <\, < C=|logr]|.
r r
Thus, by the definition (BJ) of W, |b,| being bounded from above by A2 /4:

1 2 1 2
BT S < wiey < 8T Sy,

n>ngo n>ng

which implies, with (@)7 the inequality (ﬂ) on the potential W. Consequently V satisfies the same
inequality.

Remark. To get quasi-modes of infinite order, we would have taken ¢(\) = W and suitably
modified lemma [
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