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In 1999, our research group was approached by a group of primary teachers looking 

for advice on using problem solving tasks in their teaching. We decided to use this 

opportunity to follow these teachers’ professional development over time. After ten 

years, we focused our attention on teacher knowledge with the aim of developing an 

analytical model capable of describing and interpreting the teacher’s subject-related 

knowledge, and exploring ideas for future application in pre- and in-service teacher 

training. The resulting model is the Mathematics Teacher’s Specialised Knowledge 

(MTSK) model, developed and applied collaboratively by the research group in 

conjunction with a team of researchers and teachers, and composed of several 

domains and subdomains, including mathematical knowledge, pedagogical content 

knowledge and beliefs. 
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INTRODUCTION 

After many years of doing research into Mathematics Education, and having competed 

for grants for numerous research projects at local, regional, national and international 

levels, and having reflected on the significance of lines of research and research 

questions, I find myself at times wondering whether it is truly us researchers who 

define these lines and these questions, or whether they are in fact determined by 

external influences. In other words, do researchers make inroads into new areas or is it 

the other way around? In all probability it is an ingenuous question; after all, there are 

surely many other human activities which are apparently subject to outside forces. We 

should not be surprised, then, that research (especially into Mathematics Education), 

like so much other human activity, is channeled according to social and political 

interests, which at times establish which lines should take priority. 

Often such interests are motivated by the multiple areas of knowledge within the 

university itself as they jostle for predominance. But other times the reason for a 

particular line of research comes from outside the university context. In this instance it 

came from the beneficiaries of this research, the teachers themselves. And thus begins 

the story I would like to narrate about how a group of teachers triggered a major shift 

in the way the researchers into Mathematics Education at the University of Huelva 

carried out their research with teachers. 

GENESIS OF THE PIC 

 



  

Our (researchers') interest in teachers and their work dates back many years. In the 80s 

and 90s this took the form of contributing to in-service training programmes. The first 

doctoral theses (Carrillo, 1996, published 1998; Contreras, 1998, published 1999) 

explored aspects of teachers’ approach to their work (the way they solved problems, 

their conceptions regarding mathematics, teaching and learning mathematics and the 

use of problem solving activities as a teaching approach). Nevertheless, the key 

moment for us was the founding of the Collaborative Research Project, or PIC (from 

the Spanish ‘Proyecto de Investigación Colaborativa’). 

This event took place in 1999 when a group of primary teachers approached the 

Mathematics Education Department at the University of Huelva seeking support for 

their intention to carry out a problem-solving based methodological innovation at their 

school. It is not customary for teachers outside the university context to make this kind 

of approach, the traffic is usually in the other direction with researchers typically 

attempting to persuade teachers at schools and colleges to participate in their theses 

and research projects, often finding themselves coming up against a reluctance to be 

videoed or make a long-term commitment. We can say, then, that we had been 

presented with a golden opportunity. The teachers had noted learning obstacles in their 

classrooms and had already identified a problem-solving approach as an ideal vehicle 

for learning mathematics. Further, they freely recognised that their own backgrounds 

had not equipped them with the appropriate training to be able to bring the desired 

innovation into effect. 

An obstacle immediately presented itself when they outlined the kind of collaboration 

they were looking for: essentially they wanted us to provide them with a bank of 

problem-solving activities for use in class at our earliest possible convenience. The 

department discussed their proposal and quickly agreed on a counter-proposal. We did 

not feel professionally comfortable with simply passing on some prêt-a-porter 

activities, however well-designed and ultimately rewarding they might be, and we 

were far from convinced that to do so was sufficient in itself to bring about the change 

in attitude towards mathematics that they were seeking. So instead we suggested 

creating a work group under the acronym PIC (see above), which would act as a 

forum for reflection on our conceptions about mathematics and how it might be 

channelled in class, and in particular about what we could understand by the term 

‘problem’ and an approach structured around the concept. We suggested planning 

problem-solving based lessons together and then conducting feedback sessions to 

reflect on how things had gone. This suggestion was accepted, though not 

unanimously, and several teachers decided not to form part of the PIC. 

Notwithstanding, the PIC came into being and is still functioning today. In this 

respect, one has to recognise that the professional motivation of the teachers was and 

keeps on being stronger than some hindering factors (as the high involvement required 

by the group, or the level of demand of the designed tasks). No direct implication of 



  

the institutions (schools) has been occurred, but the PIC has often received the support 

by the Andalusian Government. 

From their early desire for a bank of off-the-peg problem-solving activities, the 

members of the PIC came to focus their interest on beliefs, conceptions and the use of 

problem-solving in Primary Education. In reality, the greatest shift was that, following 

a short period of working together, the centre of interest became professional 

development. For the teachers, this meant reflecting on the methodological 

implications of adopting a problem-solving approach. For the researchers, this meant 

seizing the opportunity to study the process of professional development among the 

teachers. The PIC became a collaborative forum for the promotion and study of 

professional development. And we went from doing research into teachers to doing 

research with teachers (Carrillo and Climent, 2002). 

THE WORK OF PIC 

As mentioned above, the PIC was, and still is, a space within the domain of 

Mathematics Education devoted to professional development. Nevertheless, we came 

up against an unexpected obstacle from the start: the teachers made it clear that “we 

don’t want to do mathematics,” and were adamantly opposed to taking on any type of 

mathematical problem or indeed any task that required significant mathematical effort. 

They had little confidence in their own mathematical abilities and were ill disposed to 

“go through that kind of suffering.” 

What is the point of professional development, we wondered, if you are not prepared 

to pit yourself against some sort of mathematical task? And what role could the PIC 

play in the promotion (and study) of professional development? 

By way of answer, we would say that the PIC is characterised as follows: 

 Teachers and researchers share objectives: in the first instance, this refers to the 

professional development of the teachers themselves, but it includes, too, the 

development of the university lecturers’ research work, as well as their capacities 

in the field of teacher training. 

 The work is collaborative: each participant brings with them his or her knowledge 

and experience of teaching, and shares their needs and interests. 

 The focus is on teaching and learning mathematics: situations drawn from 

participants’ experience of teaching, and the challenges they face as they go about 

their job represent the hub around which all discussions in the group meetings 

revolve.  

Within the confines of the PIC, professional development can be conceived of as a 

gradual improvement in the quality of one’s self-reflection (Climent and Carrillo, 

2003), and can be measured by the number of elements and the degree of complexity 

the teacher is able to bring into play in this reflection. Certainly, our objective has 



  

never been to study professional development in terms of the teacher’s approximation 

to some pre-established teaching ideal laid down by the researchers.  

It was along such lines, then, that the PIC began to take shape. Despite the teachers’ 

reluctance to “do mathematics”, they were in fact more than happy to talk about their 

experiences of mathematics in the classroom. This proved sufficient to initiate a 

collaborative enterprise that has continued to this day. In truth, the teachers’ initial 

resistance was not unusual as many primary teachers readily admit to being weak 

when it comes to mathematics and have scant inclination to remedy the situation, 

tending instead to lean heavily on whatever textbook they use to plug the gaps in their 

knowledge. What marked this group of teachers out was their decision to do away 

with the coursebook, or at least to take a highly selective approach to it so as to shift 

their mathematics teaching towards a problem-solving based approach. It was a 

significant difference. 

Over the time, to the perennial questions of reflection on beliefs and problem-solving 

were added other areas of interest, which included planning activities using ICT. The 

composition of the PIC also widened its scope to include lower and upper secondary 

teachers, students on Master’s programmes and in the final year of the degree in 

primary teaching, and even an education inspector. In this way the PIC met the 

formative needs of different groups; in particular, it bridged the gap between initial 

and in-service training. For the researchers, we found we were able to nurture a 

growing interest in aspects of teacher knowledge, which emerged from the reflections 

about mathematics triggered by the activities discussed in the PIC sessions. 

TEACHER KNOWLEDGE 

We (researchers) can identify 2009 as the year in which we became seriously involved 

in doing research into group members’ knowledge, within the context of the PIC, and 

beyond (studying individual teachers). Our guiding text in this respect was the MKT 

model (Mathematical Knowledge for Teaching) (Ball, Thames and Phelps, 2008). 

Over the course of this period of reflection about teacher knowledge, the teachers in 

the PIC became aware that their lacunas were holding back their professional 

development. As said above, the PIC is a collaborative group (Feldman, 1993). The 

participants share their knowledge and experiences. The work is characterised by a 

permanent look at the students' needs and learning features. At that time, in the 

context of the design of tasks, the teachers realised that their knowledge was not 

enough to approach students' needs accurately. Their commitment in the group, their 

claims in group sessions and interviews, and their proposals about issues to be dealt 

with in future projects made it clear. As a consequence, there followed a significant 

shift in attitude as the teachers recognised they needed to “know more mathematics”. 

This represented a major step forward from the original refusal, although it did not go 

as far as embracing the opportunity to deepen their knowledge on their own account or 

facing the challenge of more demanding mathematics. However, it did mean that they 



  

were now prepared to leave their comfort zone and garner the necessary mathematics 

for carry out certain activities in class. Moreover, when they used the term “in class”, 

they did not understand this as a specific group in a specific year, rather they began to 

think in terms of the treatment a mathematical item might have over the course of the 

full educational cycle. This, too, represented a significant shift in attitude, as teachers 

often tend to “specialise” in certain year groups and forget about what might be 

happening in others. 

Nevertheless, there remains the question of how to interpret “more” (with regard to 

teachers and researchers) when the teachers said they wanted to “know more 

mathematics”? Are we talking about quantity or quality? And for that matter, which 

mathematics? It is our belief that the response to these questions is specialised 

knowledge; that is, the kind of knowledge the teachers already had and which they 

needed to extend. This naturally led us to draw not only on the work of Shulman 

(1986) and his original division of teacher knowledge into domains, most particularly 

Subject matter knowledge and Pedagogical content knowledge, but also the work of 

Ball et al (2008) in applying the model to the case of mathematics teachers, 

introducing a subdomain of Specialised knowledge (Subject content knowledge) 

within the domain of mathematical knowledge. We were also influenced by the 

importance given to knowledge of connections in Rowland et al’s (2009) model 

(Knowledge quartet) and in the work of Fernández et al (2010), and Ma’s (1999) 

notion of packages of knowledge, which gives an integrated vision of knowledge. 

Taking inspiration from critical aspects of these and other studies, we developed the 

MTSK model (Mathematics Teacher’s Specialised Knowledge). 

THE MATHEMATICS TEACHER’S SPECIALISED KNOWLEDGE MODEL 

In the MTSK model (figure 1), in addition to the subdomains of Mathematical 

knowledge (MK) and Pedagogical content knowledge (PCK), we consider the domain 

of beliefs (about mathematics and about mathematics teaching and learning). We feel 

that an extrinsic perspective or organization of MK (in which specialized knowledge is 

defined as a distinct component) justifies (mathematics) teaching as a profession, but 

can be difficult to share across different educational systems. By contrast, we chose to 

adopt an intrinsic organization, in which it is easier and clearer to characterize the 

subdomains. Moreover, the specialization concerns not only the MK, but the whole 

model. That is to say, from this perspective, specialization represents mathematics-

related knowledge used/needed in/for teaching, regardless of whether it is shared with 

other professions. 

We (researchers) are aware that our own beliefs about mathematics and about 

mathematics teaching and learning have exerted an influence on the model and 

likewise our research paradigm, but the same can be said of any research group. We 

are convinced that lesson observation provides relevant information about the 

teacher’s knowledge, but at the same time, we recognise that in itself it is not 



  

sufficient and needs to be complemented by additional sources, which can include 

questionnaires, (individual and group) interviews, teacher participation in forums, and 

so on. We are mindful that in giving priority to lesson observation there is a danger 

that one’s interpretation of events can be overly influenced by what one wants to see 

in the teacher. The case comes to mind of a teacher carrying out an engaging 

mathematical activity with his pupils. The researchers took the design of this activity 

as evidence of his Knowledge of mathematics teaching; however, when asked 

afterwards about his reasons for using it, his reply could not have been clearer: “it was 

the next one in the book.” 

An advantage of the MTSK model is that it can be applied to any educational level. To 

date, we have carried out studies (all following qualitative methodology) at Pre-school 

(in progress), Primary (ages 6-11), Secondary (12-15), Baccalaureate (16-17) and 

University levels. Evidently, in the case of Primary Education, it should be noted that, 

although the figure of mathematics specialist does not strictly apply, the role of 

mathematics teacher can be understood as any teacher doing mathematics with their 

class. At Pre-school, the subject of mathematics does not even exist, but there are 

elements of mathematics embedded within the syllabus for this level, and the 

mathematics teacher can likewise be understood as any teacher covering these 

elements. Various content areas have been studied using the MTSK model: algebra, 

fractions, functions, geometry (polygons and polyhedra), and infinity. The 

demarcation of the subdomains in figure 1, and likewise the development of categories 

pertaining to each of the subdomains, derive from both the literature (as mentioned in 

the previous section) and specific studies, taking a top-down bottom-up approach 

(Grbich, 2013). 

 



  

Figure 1: The MTSK model 

In order to demonstrate some of the characteristics and descriptors of each subdomain, 

we will take a concrete example of the model being applied, in this instance to a 

teacher we shall refer to as Enrique (pseudonym). 

Enrique’s MTSK 

Enrique teaches the 5th year (age 10) at a state Primary School in a small town on the 

coast in the province of Huelva. There are 25 pupils in his class, of varying levels and 

from diverse socio-economic backgrounds. 

In the lesson extract we will analyse, he aims to guide his pupils towards reaching a 

definition of polygon. In point of fact, the pupils have already studied polygons in 

their 4th year, but Enrique is aware that they need to do more work on mathematical 

definitions and believes they should be capable of arriving at a meaningful definition 

for themselves. In the follow-up interview to this lesson, he says: 

E (Enrique): Even when they give you a correct definition, they don’t have all the 

possible polygons in mind. What’s more, they rarely get to grips with a 

proper mathematical definition, instead they have a set of properties, which 

might be enough to define a polygon or might not be. 

Various elements of MTSK are brought into play here. In the first part of his 

utterance, Enrique demonstrates his awareness of his pupils’ knowledge gap between 

the definition of polygon and the set of polygons to which that definition corresponds 

(Knowledge of features of learning mathematics in relation to students’ learning 

difficulties), as sometimes happens when a pupil fails to recognise a concave 

quadrilateral as a polygon despite the fact that it fulfils all the requirements of the 

definition. Further, Enrique gives some indication of his knowledge of what 

constitutes a definition in mathematics (Knowledge of practices in mathematics in 

relation to the necessary and sufficient conditions of a definition). And finally, 

Enrique’s insistence on the pupils developing a meaningful definition is a 

demonstration of his beliefs about mathematics teaching and learning. 

In the lesson itself, Enrique brings a bag to class filled with different flat shapes cut 

out of card.  He invites various pupils to each take a shape from the bag and stick it on 

the board. He instructs them to divide the shapes into two groups, one on the left and 

one on the right, but gives no further instructions and no indication as to rationale they 

should use to form the groups. Nevertheless, those on the left correspond to polygons 

(including concave polygons) and those on the right to non-polygons (shapes with 

partial or total curved outlines, including a circle). In this respect, Enrique displays 

Knowledge of mathematics teaching regarding the underlying design of this activity. 

He has clearly considered a wide variety of flat shapes for his pupils to sort into two 

groups with the awareness that in doing so the pupils would necessarily have to 

consider what features are common to each group, something fundamental for 



  

developing definitions (and again connected to his Knowledge of practices in 

mathematics). 

Following this initial phase, Enrique then tells the pupils to look carefully at the group 

on the left, and asks if they can remember a name to describe them. After a few 

moments of pondering, one of the pupils replies that they are called polygons, upon 

which Enrique tells the class that their task is now to define what a polygon is, in 

order to do which, they need to focus on the features common to the set of shapes in 

each group. When a pupil suggests that one of the features common to polygons is that 

they have corners, Enrique observes that although this is true, there are also shapes in 

the other group, which have corners. He adds: 

E: When we define something, we try to find the common features, but in such a way that 

we also exclude the shapes that don’t have all the features. 

Here we can see evidence for Enrique’s Knowledge of practices in mathematics 

regarding the features of mathematical definitions. 

The lesson continues with Enrique writing on the board the features suggested by the 

pupils. In order to ensure that the figures on the right are excluded, he writes a 

negative feature: polygons do not have curves. He goes on to draw a shape (an open 

polygonal chain) which fulfils all the features the pupils have provided up to this 

moment, intending that the pupils should reject it from the set of polygons (as they 

subsequently do) on the grounds that polygons are closed shapes. He then adds this 

feature to the list on the board. In this instance, in addition to Knowledge of practices 

in mathematics, Enrique also demonstrates Knowledge of topics, with respect to the 

topic of polygons (definition and properties). 

In the next stage of the lesson, Enrique then draws a convex polygon on the board and 

asks whether the polygon is constituted by the line or what is inside the line. In the 

follow-up interview we asked what were his reasons for asking this question: 

E: Well, they need to know the difference between a polygon and its outline. Up to now 

we have just talked about the outline; in the definition we’ve only 

mentioned features relating to the sides. I know that a lot of the pupils are 

not sure about this. 

In this instance, two aspects of MTSK come together: Knowledge of topics (definition 

of a polygon and appropriate examples) forms a connection with Knowledge of 

features of learning mathematics (knowledge of typical areas of student difficulty). 

At this point, it would be useful to give brief descriptions of the subdomains 

mentioned so far. Knowledge of topics comprises mathematical procedures, 

properties, rationale, representations and models, as well as contexts, problems and 

meanings. Knowledge of practices in mathematics is about knowing how to proceed 

in solving problems, how to validate and provide proof in mathematics, the role of 

symbols and the use of formal language, specific practices in mathematical work (eg, 



  

modelling), and how to generate definitions. Knowledge of mathematics teaching 

comprises teaching theories, specific mathematical characteristics of educational 

materials for teaching a specific content, and strategies, techniques and tasks for 

teaching mathematical content. Knowledge of features of learning mathematics 

comprises learning theories, strengths and difficulties, modes of students’ interaction 

with the content, and the interests and expectations of learners concerning particular 

content. We found evidence of Enrique’s knowledge with respect to these four 

subdomains, and additionally evidence of his beliefs about teaching and learning 

mathematics. Evidence of the other two subdomains was not found in this particular 

excerpt. However, we can provide an example of Knowledge of the structure of 

mathematics from another extract, in this case drawn from a PIC session in which 

participants discuss the connections between the treatment of a topic from Pre-school 

to Secondary level. Various members contribute: 

PIC1: When you use a scale, for instance S: 1:500, in Secondary Education, you are 

bringing in the notion of geometrical proportion between two objects (a 

rectangle and a room), that is to say, the similarity of shapes. 

PIC2: This is based on the conservation of the shape and the existence of a numerical 

proportion between the lengths of the corresponding sides. 

PIC3: It implies an extension of the concept of equivalent fractions, where the numerator 

and denominator are whole numbers, through the notion of ratio, which is 

an expression of a multiplicative relation between quantities, like double or 

triple. 

PIC2: These relations offer greater precision in estimating whether one object is bigger 

than another, something we do in Pre-school. 

Finally, the last of the six subdomains, Knowledge of mathematics learning standards, 

is composed of knowledge about learning expectations at different levels, expected 

levels of conceptual or procedural development at different stages of education, and 

the different treatment of topics as they are revisited over the full span of the 

educational cycle. By learning standard, we mean any instrument designed to measure 

students’ level of ability in understanding, constructing and using mathematics, and 

which can be applied at any specific stage of schooling. 

CLOSING COMMENTS 

The professional lives of the members of the PIC and of us researchers became 

interlinked in 1999 (especially who belong to the PIC from the very beginning), 

constituting a productive forum for sharing experiences and knowledge. Although our 

research work goes beyond the confines of the PIC, it is fair to say that the PIC has 

played a decisive role in our professional development. 

This paper has illustrated how the MTSK model can be applied, taking the analysis of 

the knowledge deployed by a primary teacher as an example, and attempting to show 



  

how this knowledge is interconnected and complex. Like any analytical model, MTSK 

deconstructs the object of study into its constituent parts. As a result, it is able to 

provide a fine-grained analysis (down to the level of categories and their 

corresponding descriptors within each subdomain, which space prevents us from 

presenting here), but at the same time, those of us who carry out research with the 

model, are aware of the holistic nature of knowledge and are always at pains to 

underline the interconnectedness of the subdomains. 

At another level, MTSK also provides support in planning lessons (including 

designing activities), whether in the context of in-service training or professional 

development (such as the PIC), or indeed pre-service training. Whatever the context, it 

is essential to be able to reflect on the knowledge that is brought into play the teacher 

concerned. 

Among the challenges that we have set ourselves (in addition to continuing to make 

progress in describing the subdomains and categories, and considering in more detail 

the meaning of MTSK in Pre-school Education) it to apply MTSK to different topics, 

to develop a parallel model in other subject areas (one is already under development 

for the area of Biology, which might well take the name BTSK), improve the picture 

of interconnections between subdomains, further explore the affective domain 

(including beliefs), and map out a model of Mathematics Teacher Educators’ 

(Specialised) Knowledge (for which there are already research projects underway). 
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